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Preface 


This book is an introduction to the regularity theory for free boundary problems. 
The focus is on the one-phase Bernoulli problem, which is of particular interest 
as it deeply influenced the modern free boundary regularity theory and is still an 
object of intensive research. The exposition is organized around four main theorems, 
which are dedicated to the one-phase functional in its simplest form. Many of the 
methods and the techniques we present here are very recent and were developed in 
the context of different free boundary problems. We also give the detailed proofs of 
several classical results, which are based on some universal ideas and are recurrent 
in the free boundary, PDE, and the geometric regularity theories. 
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Chapter 1 ® 
Introduction and Main Results Geek for 


1.1 Free Boundary Problems: Classical and Variational 
Formulations 


The free boundary problems are a special type of boundary value problems, in which 
the domain, where the PDE is solved, depends on the solution of the boundary value 
problem. A classical example of a free boundary problem is the Serrin problem: 


Find a bounded open C?—regular connected domain Q C R? 
and a function u : Q —> R such that : 


—Au=1 in Q, u=0 and |Vu|=c on dQ. 


It is well-known (see [47]) that, up to translation, the unique solution of the Serrin 
problem is given by the couple (B, wg), where B is the ball of radius R = d (d is the 
dimension of the space) and wg : B — R is the function wg (x) = H (R? — |x|?). 

More generally, if D is a smooth bounded open set in R4, then we can consider 
the following problem. Find a couple (Q, u) such that: 


e the domain Q is contained in D 
e while the function u : Q —> R 


— solves a PDE in Q, which in the example (1.1) below (as in the rest of these 
notes) is elliptic but, in general, can also involve a time variable: 


d d 


X aij(x)djju tY bi(x)dju + c(x)u(x) = f(x) in Q; (1.1) 


i,j=1 i=l 
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— satisfies a boundary condition on the fixed boundary ð D, that is, 
F(x,u,Vu)=0 on dDNIQ; (1.2) 


— satisfies an overdetermined boundary condition on the free boundary 3R N D 


G(x,u,Vu)=0O and A(x,u,Vu)=0 on IdQND, (1.3) 


where the functions F,G, H : R*4+! — R, as well as the elliptic operator and 
the right-hand side in (1.1), are given. The aim of the free boundary regularity 
theory is to describe the interaction between the free boundary dQ and the solution 
u of the PDE. For instance, it is well-known that, the solutions of boundary value 
problems (with sufficiently smooth data) inherit the regularity of the boundary 0Q, 
that is, if 9Q is C!, then |Vu| is Hélder continuous up to the boundary (see [35]). 
Conversely, one can ask the opposite question. Suppose that u is a solution of the 
free boundary problem (1.1)—(1.3), where the overdetermined condition (1.3) on the 
free boundary is given by 


u=0 and |Vul>= Q(x) on A@QND, 


for some Hilder continuous function Q. Is it true that 9Q is C!“-regular? More 
generally, we can ask the following question: 


Is it possible to obtain information on the local structure of the free boundary, just from the 
fact that the overdetermined boundary value problem admits a solution? 


Notice that, here we do not impose any a priori regularity on the domain Q. For 
an extensive introduction to the free boundary problems, with numerous concrete 
examples and applications, we refer to the book [33], while a more advanced reading 
is [15]. 

A free boundary problem of particular relevance for the theory is the so-called 
one-phase Bernoulli problem, which was the object of numerous studies in the last 
40 years; it also motivated the introduction of several new tools and the development 
of new regularity techniques. The problem is the following. We have given: 


e a smooth bounded open set D in R4, 
e a non-negative function g : dD —> R, 
e a positive constant A, 


and we search for a couple (Q, u), of a domain Q C D and a function u : Q —> R, 
such that: 


Au=0 in Q, 
u=g on d2N0D, (1.4) 
u=0 and |Vul=VJVA on dQND. 
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Fig. 1.1 A minimizer u and 
its free boundary; for 
simplicity we take D = Bı 


the graph of u over D 


the graph of u over OD 


oD the free boundary 00, 


We notice that a solution should depend both on the ambient domain D and the 
boundary value g. Thus, we cannot hope to find explicitly the domain Q and the 
function u, except in some very special cases. In fact, even the existence of a couple 
(Q, u) solving (1.4) is a non-trivial question. One way to solve the existence issue 
is to consider the variational problem, which consists in minimizing the functional 


urs Fatu D) = | |Vuļ? dx + Al{u > 0}N DI, 
D 


among all functions u : D — R such that 
u € H'(D) and u=g on OD. 


A solution to (1.4) can be obtained in the following way (see Fig. 1.1). To any 
minimizer u : D —> R, we associate the domain 


Qu := {u > 0}, 


and the free boundary 9 Q, N D. Then, at least formally, one can show that the couple 
(2u, u) is a solution to the free boundary problem (1.4). 


e First, notice that the conditions 
u=0 on J0Q,ND, 
u=g on 02,N0D, 
are fulfilled by construction. 
° In order to show that u is harmonic in Q,, we suppose that Q, is open and that 
u is continuous. Let p € C? (Qu) be a smooth function of compact support in 


Qu. Then, for any t € R sufficiently close to zero, we have 


{u + tọ > 0} = {u > O}, 
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and so, 


F, (u+ tọ, D) = Fau D) + f (IV u + tp)? — |Vul*) dx. 


Qu 


Now, the minimality of u gives that 


2 | Vu-Vodx = =| Fa(u+to, D) =0. 
Qu dt lr=0 


Integrating by parts and using the fact that g is arbitrary, we get that 
Au=0 in Qu. 


° Finally, for what concerns the overdetermined condition on the free boundary, 
we proceed as follows. For any compactly supported smooth vector field Ẹ : 
D — R’ and any (small) t > 0, we consider the diffeomorphism Y, (x) = 
x + t&(x) and the test function u; = u o wl, Then, by the optimality of u, we 
obtain 


ð 
0= >| F , D). 
Ir li=0 a (ur, D) 
On the other hand, the derivative on the right-hand side can be computed 
explicitly (see Lemma 9.5). Precisely, if we assume that u and 0Q2,, are smooth 
enough, we have 


faUo D) = f (—|Vul? + A)é-vdH?"!, 


ð 
ot t INu 


where v is the exterior normal to 0Q2,,. Since & is arbitrary, we get that 


|\Vul=VA on ðQ ND. 


In conclusion, by minimizing the function F4, we obtain at once the function u 
and the domain Q solving (1.4). The function u is a minimizer of Fa and the set 
Q is defined as Q = Q, = {u > 0}. The equation in Q, and the overdetermined 
condition on the free boundary 3N, N D are in fact the Euler-Lagrange equations 
associated to the functional. Thus, instead of studying directly the free boundary 
problem (1.4), in these notes, we will restrict our attention to minimizers of F,. In 
order to fix the terminology and the notations in this section, and also for the rest of 
these notes, we give the following definition. 
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Definition 1.1 (Minimizers of F,) Let D be a bounded open set in R. We say 
that the function u : D —> R is a minimizer of Fa, in D, ifu € H'(D), u > 0in D 
and 


Fa (u, D) < Fa (v, D) for every vE H! (D) such that u—v € Hy (D). 


1.2 Regularity of the Free Boundary 


These notes are an introduction to the free boundary regularity theory; the aim is 
to describe the local structure of the free boundary dQ, (which is a geometric 
object) just by using the fact that u minimizes the functional Fa and solves an 
overdetermined boundary value problem (that is, with techniques coming from 
Calculus of Variations and PDEs). In fact, the free boundary regularity theory stands 
on the crossroad of Calculus of Variations, PDEs and Geometric Analysis, and is 
characterized by the interaction between geometric and analytic objects, which is 
precisely what makes it so fascinating (and hard) field of Analysis. 

Our aim in these notes is to prove a first theorem on the local structure of the free 
boundary. In particular, just by using the fact that u is a minimizer of the functional 
Fa, we will prove the following facts: 


e u:D-— Ris (locally) Lipschitz continuous; 
e the set Q, := {u > 0} is open and the free boundary 9 RQ, N D can be decomposed 
as the disjoint union of a regular part, Reg(0Q,,), and a singular part, Sing(dQ,), 


AQy N D = Reg(9Qy) U Sing(8Qu), 


for instance, as on Fig. 1.2; 

e the regular part Reg(0Q,) is a C Læ_ smooth manifold of dimension (d — 1); 

e the singular part Sing(dQ,,) is a closed subset of dQ, N D and its Hausdorff 
dimension is at most d — 3 (at the moment, the best known estimate for the 
Hausdorff dimension of the singular set is d — 5). 


The overall approach and many of the tools that we will present are universal and 
have counterparts in other fields, for instance, in the regularity of area-minimizing 


Fig. 1.2 A picture of a free 
boundary ðQ, with regular 
and singular points 
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currents, in free discontinuity problems and harmonic maps. In fact, there are several 
points which are common for the regularity theory in all these (and many other) 
variational problems: 


— the local behavior of the solution is determined through the analysis of the so- 
called blow-up sequences and blow-up limits; 

— the points of the free boundary are labelled regular or singular according to 
the structure of the so called blow-up limits at each point; this provides a 
decomposition of the free boundary into a regular part and a singular part; 

— at regular points, the regularity of the free boundary, which might be expressed in 
geometric (Theorem 7.4) or energetic (Theorem 12.1 and Lemma 12.14) terms, 
improves along the blow-up sequences; 

— the set of singular points can become bigger when the dimension of the ambient 
space is higher; the measure and the dimension of the singular set can be 
estimated through the so-called dimension reduction principle, which uses the 
fact that the blow-up limit are homogeneous functions; the homogeneity of the 
blow-up limits can be obtained through a monotonicity formula. 


We will prove four main theorems. 

In Theorem 1.2 (Sect. 1.3) we prove a regularity result for minimizers of Fy. 
We will obtain the C! regularity of the regular part of the free boundary through 
an improvement-of-flatness approach, while we will only give a weak estimate on 
the measure of the singular set. The proof of this theorem is carried out through 
Chaps. 2-8. 

In Theorem 1.4 (Sect. 1.4) we give an estimate on the dimension of the set 
of singular points. We will use the Weiss monotonicity formula to obtain the 
homogeneity of the blow-up limits and the Federer dimension reduction principle 
to estimate the dimension of the singular set. The proof of this theorem is contained 
in Chaps. 9 and 10. 

In Theorem 1.9 (Sect.1.5) we prove a regularity theorem for functions u 
minimizing Fo under the additional measure constraint |Q,| = m. In this case, 
we show that there is a Lagrange multiplier A such that u is a critical point for the 
functional F,. In this case, the regularity of the free boundary is a more delicate 
issue and the Theorems 1.2 and 1.4 cannot be applied directly. The proof requires 
the Chaps. 2—10, and also the specific analysis from Chap. 11. 

Theorem 1.10 (Sect. 1.6) is dedicated to the epiperimetric inequality (Theo- 
rem 12.1) approach to the regularity of the free boundary, which was introduced 
in [49]. In particular, we give another proof of the fact that, if u is a local minimizer 
of Fa in dimension two, then the (entire) free boundary is C1% regular. The 
proof is based on the epiperimetric inequality from Sect. 12, which replaces the 
improvement of flatness argument from Chap.7, but we still use results from 
Chaps. 2, 3, 4, 6, 8 and 9. Finally, we notice that the fact that an epiperimetric 
inequality in dimension d implies the regularity of the free boundary holds in any 
dimension (see Sect. 12.5). 

The rest of the introduction is organized as follows. Each of the Sects. 1.3, 1.4, 1.5 
and 1.6 is dedicated to one of the main theorems 1.2, 1.4, 1.9 and 1.10. Finally, in 
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Sect. 1.7, we briefly discuss some of the results, obtained or just reported in these 
notes, which might also be of interest for specialists in the field. 


1.3 The Regularity Theorem of Alt and Caffarelli 


Alt and Caffarelli pioneered the study of the one-phase free boundaries in [3], where 
they proved the following theorem. 


Theorem 1.2 (Alt-Caffarelli) Let D be a bounded open set in R? andu € H'(D) 
be a non-negative minimizer of Fa in D. Then u is locally Lipschitz continuous in 
D, the set Qy = {u > 0} is open and the free boundary can be decomposed as: 


IQ, N D = Reg(9Qy) U Singu), 


where Reg(9Qu) and Sing(0Q,) are disjoint sets such that: 


(i) Reg(dQ,) isa C!-regular (d —1)-dimensional surface in D, for some a > 0; 
(ii) Sing(0Q,) is a closed set of zero (d — 1)-dimensional Hausdorff measure. 


In these notes we will give a proof of this result, which is different from the 
original one (see [3]) and is based on recent methods developed in several different 
contexts: for instance, the two-phase problem [4, 50], almost-minimizers for the 
one-phase problem [19, 50], the one-phase problem for singular operators [18], the 
vectorial Bernoulli problems [41, 42], shape optimization problems [9, 46]. We will 
also use tools, which were developed after [3] as, for instance, viscosity solutions 
[12], [13], [14], [23], [26] and [15], monotonicity formula [52] and epiperimetric 
inequalities [29, 49]. 

In order to make these notes easier to read, we give the sketch of the proof in 
the introduction; for the technical details and generalizations, we refer to the results 
from the forthcoming chapters. 


Proof In the proof of Theorem 1.2 we will use only results from Chaps. 2-8. 

Section 2 is dedicated to the existence of minimizers and also to several explicit 
examples and preliminary results that will be useful in the forthcoming sections. 
The existence of minimizers for fixed boundary datum on ðD is obtained in 
Proposition 2.1. In Lemma 2.6 and Lemma 2.7 we give two different proofs of the 
fact that the minimizers of Fa are subharmonic functions. This result has several 
important applications. First of all, when we study the local behavior of u and of 
the free boundary 0&2,,, we may assume a priori that the function u is bounded. 
Moreover, as for a subharmonic function, the limit 


lim u(x) dx 
r>0 JB, (xo) 
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exists at every point x9 € R, we may also assume that u (which is a priori a Sobolev 
function, so defined as a class of equivalence of Lebesgue measurable functions) 
is defined pointwise everywhere in D. In particular, we will always work with the 
precise representative of u, defined by 


u(xo) = lim u(x) dx for every xo € D. 
r>0 JB, (x0) 


In particular, the set Q„ = {u > 0} and its topological boundary 02, are also well- 
defined (for all these results, we refer to Proposition 2.1). Moreover, in Lemma 2.9, 
we prove that the topological boundary coincides with the measure-theoretic one in 
the following sense: 


8%, D = {xe D : |B(x)NQy|>O and |B,(x)N{u = 0} > 0, vr > ol. 


In Chap.3 we prove that the function u : D — R is locally Lipschitz 
continuous in D (Theorem 3.1). The main result of this section is more general 
(see Theorem 3.2) as for the Lipschitz continuity of u we only use that minimality 
of the function with respect to outwards perturbations. 

We give three different proofs of the local Lipschitz continuity, inspired by three 
different methods, which were developed in the contexts of different free boundary 
problems. In Sect. 3.1, we report the original proof of Alt and Caffarelli; in Sect. 3.2, 
we give a proof which is inspired from the two-phase problem of Alt-Caffarelli- 
Friedman and already proved to be useful in several different contexts, for instance, 
for vectorial problems (see [9]) and for operators with drift (see [46]); in Sect. 3.3, 
we present the proof of Danielli and Petrosyan, which was originally introduced 
to deal with free boundary problems involving the p-Laplacian (see [18]); each of 
these subsections can be read independently. 

As a consequence of the Lipschitz continuity, we obtain that the set Q,, is open. 
Now, from the fact that u minimizes F,, we deduce that u is harmonic on Qu: 


Au=0 in Q,9D. 


In particular, u is C° regular (and analytic) in Qu. 

In Chap. 4 (see Lemma 4.4 and/or Lemma 4.5), we prove that u is non-degenerate 
at the free boundary, that is, there is a constant «x > O such that the following claim 
holds: 


If xo € Qy N D, then llull 2 (B,(x)) Z Kr, for every r > 0 such that B, (xo) C D. 
This means that the Lipschitz estimate from Chap. 3 is optimal at the free boundary. 


This is a technical result, which we will use several times throughout the proof of 
Theorem 1.2, for instance, in Chaps. 5, 6 and 8. 
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In Chap. 5 we use the Lipschitz continuity and the non-degeneracy of u to obtain 
several results on the measure-theoretic structure of the free boundary. We will use 
this information in Sect. 6.4 to prove that the singular set has zero (d — 1)-Hausdorff 
measure. The main results of Chap. 5 are the following: 


e In Sect.5.1 (Lemma 5.1), we prove that there is a constant c € (0, 1) such that, 
for every xo € D and every radius r small enough, 


c|Br| < [Qu N B,(x0)| < Q — c)|Brl. 


In particular, the free boundary cannot contain points of Lebesgue density 0 or 1. 
e In Sect.5.2 (see Proposition 5.3 and Corollary 5.4), we prove that the set Q, 
has locally finite perimeter in D. We will use this result in Sect. 6.4 in order to 
estimate the dimension of the singular set. 
e In Sect. 5.3 (Proposition 5.7), we prove that the free boundary dQ, D has 
locally finite (d — 1)-dimensional Hausdorff measure, which is slightly more 
general result than the one from Corollary 5.4. 


Section 6 is dedicated to the convergence of the blow-up sequences and the 
analysis of the blow-up limits; both being essential for determining the local 
structure of the free boundary. The notion of a blow-up is introduced in the 
beginning of Chap.6 (see Definition 6.1). For convenience of the reader, we 
anticipate that 


for every xo E€ Qu ND and every infinitesimal sequence (rn)n>1, 


the sequence of rescalings 
1 
Uxor, (X) = —u (x0 + TnX) 
Fn 


is called a blow-up sequence at xọ. The (local) Lipschitz continuity of u : D —> R 
implies that, up to a subsequence, Uxo,r, converges to a globally defined Lipschitz 
continuous function uo : R —> R. Any function wo obtained in this way is called a 
blow-up limit of u at xo. Notice that the non-degeneracy of u implies that uo cannot 
be constantly zero. In Proposition 6.2 we prove that the blow-up limit wo is a global 
minimizer of F; (see Sect. 6.1) and that the free boundaries {u xo,r, > 0} converge 
to 0{uo > 0} locally in the Hausdorff distance (Sect. 6.2). 

In Sect. 6.4, we decompose the free boundary into regular and singular parts (see 
Definition 6.10), Reg(dQ,,) and Sing(dQy,) := (dQ, N D) \ Reg(dQ,,). Precisely, 
we Say that a point x9 € dQ, N D is regular, if there is a blow-up limit uo, of u at 
xo, of the form 


uol) = VA (x + v)4 (1.5) 


for some unit vector v. We then prove (see Lemma 6.11) that the regular part 
Reg(dQ,) contains the reduced boundary 0*Q, N D. This is a consequence to the 


10 1 Introduction and Main Results 


following two facts: first, at points of the reduced boundary xp € 0*Q, N D, the 
support of the blow-up limits is precisely a half-space {x : x -v > O}; second, if 
ug is a global solution supported on a half-space, then it has the form (1.5). This 
implies that HË! (Sing Ru)) = 0. In fact, this is an immediate consequence 
of the inclusion Reg(dQ,) C d*Q, and a well-known theorem of Federer, which 
states that if Q is a set of finite perimeter, then 


HT! (a2 \ (QP U2® u 3*9)) = 0, 


and of the fact that (QM (QA) U Q) = @ (see Sect.5.1). In particular, this 
completes the proof of claim (ii) of Theorem 1.2. 

Chapters 7 and 8 are dedicated to the regularity of Reg(dQ,) (Theorem 1.2 
(i)). We will use the theory presented in this sections both for Theorem 1.2 and 
Theorem 1.9. 

In Sect.7.1 (Proposition 7.1) we use the examples of radial solutions from 
Sect. 2.4 (Propositions 2.15 and 2.16) as test functions to prove that the minimizer 
u satisfies the following optimality condition in viscosity sense: 


|Vul= VA on 02,ND. 


The Sects. 7.2, 7.3 and 7.4 are dedicated to the proof of the improvement-of-flatness 
theorem of De Silva [23] (Theorem 7.4), which holds for viscosity solutions. We 
notice that in the two-dimensional case (Theorem 1.10) all the result from this 
section will be replaced by the epiperimetric inequality approach from Chap. 12. 

In Chap. 8 we show how the improvement of flatness implies the regularity of 
the free boundary. Precisely, in Sect. 8.1 we prove that the improvement of flatness 
(Condition 8.3) implies the uniqueness of the blow-up limit ux, at every point xo 
of the free boundary. Moreover, it provides us with a rate of convergence of the 
blow-up sequence (Lemma 8.4). Finally, in Sect. 8.2, we show how the uniqueness 
of the blow-up limit and the rate of convergence of the blow-up sequence imply the 
C! regularity of the free boundary (Proposition 8.6), which concludes the proof of 
Theorem 1.2. o 


Remark 1.3 The proof of the regularity of Reg (ə Nu) is based on an improvement- 
of-flatness argument and is due to De Silva (see [23]). Just as the original proof of 
Alt and Caffarelli it is based on comparison arguments and does not make use of 
any type of monotonicity formula. In order to keep the original spirit of [3], we do 
not use monotonicity formulas in the proof of Theorem 1.2 (Chaps. 2-8). On the 
other hand, without a monotonicity formula, one can prove that the singular set has 
zero (d — 1)-dimensional Hausdorff measure. Notice that, in [3] it was also shown 
that the singular set is empty in dimension two. We postpone this result to Sect. 9.4 
since it is a trivial consequence of the monotonicity formula of Weiss. We also notice 
that the proof of Theorem 1.2 is essentially self-contained and requires only basic 
knowledge on Sobolev spaces and elliptic PDEs. 


1.4 The Dimension of the Singular Set 11 
1.4 The Dimension of the Singular Set 


In Theorem 1.2, we show that the singular part of the free boundary Sing(0Q,,) has 
the following properties: 


e itis a closed subset of the free boundary 3 Qu N D; 
e it has zero Hausdorff measure, that is, HA] (S ing(0 Qu)) = 0; in particular, this 
implies that the (Hausdorff) dimension of Sing(dQ,,) is at most d — 1. 


In [52], using a monotonicity formula and the Federer’s dimension reduction 
principle, Weiss proved the following result. 


Theorem 1.4 (Weiss) Let D be a bounded open set in R? andu € H'\(D) bea 
non-negative minimizer of Fa in D. Let Reg(dQ,,) and Sing(0Q,) be the regular 
and singular sets from Theorem 1.2. There exists a critical dimension d* (see 
Definition 1.5) such that the following holds. 


(i) Ifd < d*, then Sing(0Q,) is empty. 
(ii) Ifd = d*, then the singular set Sing(dQ,) is a discrete (locally finite) set of 
isolated points in D. 
(iii) Ifd > d*, then the singular set Sing(d@Q,) is a closed set of Hausdorff 
dimension d — d*, that is, 


HUTH ONRu ND)=0 forevery ¢€ (0,1). 


Definition 1.5 (Definition of d*) We will denote by d* the smallest dimension d 
such that there exists a function z : R —> R with the following properties: 


e zis non-negative and one-homogeneous; 
e zisa local minimizer of F; in Rf; 
e the free boundary 9Q, is not a (d — 1)-dimensional C!-regular manifold in R@. 


Remark 1.6 The value of d* does not depend on A > 0. Without loss of generality, 
we may take A = 1. 


Remark 1.7 (On the Critical Dimension d*) In this notes, we prove that d* > 3 
(see Sect.9.4). Already this is a better estimate (on the dimension of the singular 
set) with respect to the one from Theorem 1.2 as it means that 

HIH (INu ND) =0 forevery e€ (0,1). 


In fact, it is now known that 


d* = 5,6, or 7. 
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Fig. 1.3 The free boundary 
(in red) of the 
one-homogeneous global 
solution u : R7 —> R of De 
Silva and Jerison 


Precisely, Caffarelli, Jerison and Kenig [16] proved that there are no singular one- 
homogeneous global minimizers in R? (thus, d* > 4). Later, Jerison and Savin [37] 
proved the same result in R4 (so, d* > 5). On the other hand, De Silva and Jerison 
[24] gave an explicit example (see Fig. 1.3) of a singular free boundary in dimension 
seven (which means that d* < 7). 


In order to prove Theorem 1.4 we will need most of the theory developed for the 
proof of Theorem 1.2. For instance, the Lipschitz continuity and the non-degeneracy 
of the minimizers (Chaps.3 and 4), the convergence of the blow-up sequences 
(Chap. 6) and the epsilon regularity theorem (Theorem 8.1 from Chap. 8). On the 
other hand, we will not need the results from Chap. 5. 

The main results that we will need for the proof of Theorem 1.4 are contained 
in Chaps.9 and 10. Chapter 9 is dedicated to the Weiss monotonicity formula 
from [52], which we prove both for minimizing and stationary free boundaries. 
Chapter 10 is dedicated to the Federer’s dimension reduction principle (see [32]). 
Even if the results of this section concern the one-phase free boundaries, the 
underlying principle is universal and can be applied to numerous other problems; 
for instance, in geometric analysis (see [32] and [48]) or to other free boundary 
problems [42]. 


Proof of Theorem 1.4 We will first prove that all the blow-up limits of u (at 
any point of the free boundary) are one-homogeneous global minimizers of Fa. 
The global minimality (see Definition 2.12) of the blow-up limits follows from 
Proposition 6.2. In order to prove the one-homogeneity of the blow-up limits 
(Proposition 9.12) we will use the Weiss’ boundary adjusted energy, defined for 
any function ọ € H! (B) as 


Wa (9) = |Vol? dx -f p dH! + Al{y > 0}N Bil. 
Bı ð Bı 
Let now xo € Qu N D and ux, be the usual rescaling (blow-up sequence) 


1 
ur xo (x) = zuo +rx). 
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If we choose r > 0 small enough, then the function ux, is defined on By and so, we 
can compute the Weiss energy Wa (uxo,r). In Lemma 9.2 we compute the derivative 
of Wa (Uxo,r) with respect to r, from which we deduce that (see Proposition 9.4): 


e the function r œ> Wa (ux9,-) is Monotone increasing in r; 
e and is constant on an interval of the form (0, R), if and only if, u is one- 
homogeneous in the ball Br (xo). 


In particular, the monotonicity of r > W4 (Ux 9,-) and the Lipschitz continuity of u 
(which gives a lower bound on W4 (uxo,r)) imply that the limit 


L:= lim Wa (uxo,r)s 
r>0 


exists and is finite. 
Let now v be a blow-up limit of u at x9 and (rn)n be an infinitesimal sequence 
such that 


v= lm u i 
noo “Orn 


Let s > 0 be fixed. Then, the blow-up sequence uxo,srn = u(xo + sryx) 


converges locally uniformly to the rescaling vs(x) := Lu(sx) of the blow-up v. 
Now, Proposition 6.2 implies that: 


e the sequence Uxo,sr, converges to vs strongly in H 1(B1); 
e the sequence of characteristic functions L{uxy sr, >0} converges to the characteris- 


tic function liy, >0} in L! (B1). 


Thus, for every s > 0, we have 
L = lim Wa (uxor) = lim Wa (Uxo,sr,) = Wa (vs), 
r>0 n—> 0o 


and so the function s œ> Wa (vs) is constant in s. Applying again Proposition 9.4, 
we get that v is one-homogeneous. 

Theorem 1.4 now follows by the more general result proved in Proposition 10.13, 
which can be applied to u since we have the epsilon regularity theorem (Theo- 
rem 8.1), the non-degeneracy of u (see Chap.4), the strong convergence of the 
blow-up sequences (Proposition 6.2) and the homogeneity of the blow-up limits, 
which we proved above. o 


Remark 1.8 Finally, we notice that an even better result was recently obtained by 
Edelen and Engelstein (see [27]). Using the powerful method of Naber and Valtorta 
(see [44]), they proved that the singular set Sing(dQ,) has locally finite (d — d*)— 
Hausdorff measure, which in particular implies claim (ii) of Theorem 1.4. 
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1.5 Regularity of the Free Boundary for Measure 
Constrained Minimizers 


Let D C R? be a smooth and connected bounded open set, m € (0,|D|) and 
g : D > R bea given non-negative function in H!(D). This section is dedicated to 
the following variational minimization problem with measure constraint 


min {Fo(v, D) : v € H'(D), v—g € Hy(D), || =m}, (1.6) 
which means 


Find u € H! (D) such that u — g € Hy(D), |Qu| = m and 


Fou, D) < Fo(v, D), for every v € H! (D) such that v — g € HÈ (D) and |&y| = m. 


This is the constrained version of the variational problem from Theorems 1.2 and 
1.4. We notice that if u is a minimizer of Fa in D, for some A > 0, then 
u is (obviously) a solution to the minimization problem (1.6) with m := |Q,|. 
Conversely, if u is a solution to the variational problem (1.6), then (as we will show 
in Proposition 11.2) there is a Lagrange multiplier A > 0, depending on u, such 
that u formally satisfies the optimality condition 


Au=0 in Qu, |VulJ=VA on 02,ND, (1.7) 


in the sense that u is stationary for Fa in D (see Definition 9.7). Unfortunately, this 
does not imply that u is a minimizer of F; in D. The free boundary regularity theory 
for the solutions to (1.6) is more involved since the competitors used to prove the 
Lipschitz continuity (Chap. 3), non-degeneracy (Chap. 4), improvement of flatness 
(Chap. 7) and the monotonicity formula (Proposition 9.4) do not satisfy the measure 
constraint in (1.6). 

The free boundary regularity for solutions of (1.6) was first obtained by Aguilera, 
Alt and Caffarelli in [1]. Our approach is different and strongly relies on the Weiss’ 
monotonicity formula, from which we will deduce both: 


e the optimality condition in (1.7) in viscosity sense, which in turn allows to apply 
the De Silva epsilon regularity theorem (Theorem 8.1) and thus to obtain the 
C!-regularity of Reg(dQ,) (see Chap. 8); 

e the estimate of the dimension of the singular set, which is a consequence of 
the homogeneity of the blow-up limits and the Federer’s dimension reduction 
(Chap. 10). 


Our approach is inspired by the theory developed in [46] and contains several 
ideas from [41] and the work of Briançon [5] and Briangon-Lamboley [6]. Our main 
result is the following. 
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Theorem 1.9 (Regularity of the Measure Constrained Minimizers) Let D be a 
connected smooth bounded open set in R4, m € (0, |D|) be a positive real constant 
and g : D — R be a given non-negative function in H'(D). Then, there is a 
solution to the problem (1.6). Moreover, every solution u is non-negative and locally 
Lipschitz continuous in D, the set Qy = {u > 0} is open and the free boundary can 
be decomposed as: 


dQ, N D = Reg(dQ,) U Sing (Iu), 


where Reg(0Q,) and Sing (ð Qu) are disjoint sets such that: 


(i) the regular part Reg(ðQu) is a C!“-regular (d — 1)-dimensional manifold in 
D, for some a > 0; 

(ii) the singular part Sing(ð Qu) is a closed set of Hausdorff dimension d — d* 
(where the critical dimension d* is again given by Definition 1.5), that is, 


HTH OUND)=0 forevery ee (0,1). 


Moreover, ifd < d*, then Sing(0Qy) is empty, and if d = d*, then Sing (ð Qu) is a 
countable discrete (locally finite) set of points in D. 


Proof of Theorem 1.4 We prove the existence of a solution u : D — R in 
Sect. 11.1, where we also show that u is harmonic in Qu in the following sense 


f upas <f |Vv|? dx for every v€ H! (D) 
D D 
such that u — v € HE (D) and v=0 on D\Qy. 


In particular, applying Lemma 2.7, we get that u is subharmonic in D. Thus, we can 
suppose that u is defined at every point of D and that 


u(xo) = u dH”! =f udx for every xo E D. 
ð B; (xo) B, (xo) 


Moreover, the subharmonicity of u implies that it is locally bounded so, from now 
on, without loss of generality, we will assume that u € L° (D). Finally, we notice 
that the set Q,, is defined everywhere in D (not just up to a set of zero Lebesgue 
measure) and its topological boundary coincides with the measure-theoretic one 
(see Lemma 2.9). Precisely, this means that 


xo € OQ, if and only if 0 < |Q, N B-(xo)| < |B-| forevery r> 0. 
In order to prove the Lipschitz continuity of u and the regularity of the free 


boundary 0Q,,9 D we proceed in several steps. Notice that we cannot apply directly 
the results from Chaps. 3—10 since it is not a priori known if the solution u is a 
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local minimizer of Fa for some A > 0, that is, one cannot remove the constraint 
in (1.6) by adding a Lagrange multiplier A directly in the functional. In fact, it 
is only possible to prove the existence of A for which the solution u of (1.6) is 
stationary but not minimal for F; . From this, we will deduce that u satisfies a quasi- 
minimality condition, which will allow to proceed as in the proof of Theorems 1.2 
and 1.4. 


Step 1 Existence of a Lagrange multiplier. In Sect. 11.2, we show that there exists 
A > 0 such that u is stationary for the functional F,, that is, 


dF atu, D)[E]=0 forevery € e€ C°(D; R?), 


where the first variation dF, (u, D)[&] of Fa in the direction of the (compactly 
supported) vector field € is defined in (9.6). The existence of a non-negative 
Lagrange multiplier can be obtained by a standard variational argument (see 
Proposition 11.2 and its proof in Sect. 11.2, after Lemma 11.3). The strict positivity 
of A is a non-trivial question which requires some fine analysis of the functions, 
which are stationary for Fo; we prove it in Sect. 11.3 using the Almgren’s frequency 
function and following the proof of an analogous result from [46], which is a (small 
with respect to the original result) improvement of the unique continuation principle 
of Garofalo-Lin [34]. 


Step 2 Almost-minimality of u. Let x9 € ƏQu N D. In Sect. 11.5 (Proposi- 
tion 11.10), we prove that u is an almost minimizer of Fa (A is the Lagrange 
multiplier from the previous step) in a neighborhood of x9 in the following sense. 
There exists a ball B, centered in xo, in which u satisfies the following almost- 
minimality condition: 

For every € > 0, there isr > 0 such that, for every ball B,(yo) C B, u satisfies 
the following optimality conditions in B, (yo): 


v—u € Ho(B,(y0)), 


Fa+e(u, D) < Fa+e(v, D) for every v € H! (D) such that | 
[Qul < [2v]. 


(1.8) 


v— u € HÌ (B, 0)), 


Fr—e(u, D) < Fa—e(v, D) for every v € H! (D) such that | 
[Qul = [2vl. 


(1.9) 


The proof of Proposition 11.10 follows step-by-step the proof of the analogous 
result from [46] and is based on the method of Briançon [5]. Once we have 
Proposition 11.10, we can proceed as in Theorems 1.2 and 1.4. 
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Step 3 Lipschitz continuity and non-degeneracy of u. In order to prove the (local) 
Lipschitz continuity of u, we notice that (1.8) leads to an outwards optimality 
condition. In fact, fixed € > 0 and xo € D, there is a ball B, (xo) such that: 


v — u € Hy (By (x0), 
Fase, D) < Fape(v, D) for every v e H (D) such that 
Qu C Qy. 
(1.10) 


Now, the Lipschitz continuity of u follows by (1.10) and Theorem 3.2. 


On the other hand, for the non-degeneracy of u, we notice that, (1.9) implies the 
following inwards optimality condition: 
Fixed £ > 0 and xo € D, there is a ball B, (xo) such that: 


— u € H} (B 7 
Peura Fat D narse u waa A N 
Qu D Q. 
(1.11) 


The non-degeneracy of u follows by (1.11) and the results from Chap. 4 (one can 
apply both Lemma 4.4 and 4.5). 

As a consequence of the Lipschitz continuity and the non-degeneracy of u, we 
obtain the following results: 


e 2, satisfies interior and exterior density estimates (Lemma 5.1); 

e Q, has locally finite perimeter in D (Proposition 5.3); 

e 02, has locally finite (d — 1)-dimensional Hausdorff measure in D (Proposi- 
tion 5.7). 


Step 4. Convergence of the blow-up sequences and analysis of the blow-up limits. 
We recall that, for any x9 € D and any r > 0, the function 


1 
Uxo,r(X) = zro +rx), 


is well-defined on the set 1(—xo + D) and, in particular, on the ball of radius 


Ldist (xo, ƏD) centered in zero. By the Lipschitz continuity of u, we notice that 
for any xo € 0Q, N D and any R > 0 the family of functions 


1 
m -O<r< sist (xo, aD). 


is equicontinuous and uniformly bounded on the ball BR C R¢. This implies that for 
every sequence U xo,r„, With x9 € OQ, D and lim rn = 0, there are a subsequence 
n—> oo 


(still denoted by (uxo,r,)neN) and a (Lipschitz) function uo : R¢ — R such that, 
for every fixed R > 0, the sequence uxo,r, converges uniformly to uo in the ball 
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Br. We say that uo is a blow-up limit of u at xo and ux), is a blow-up sequence. 
Recall that u is Lipschitz continuous, non-degenerate, harmonic in Q2,, and satisfies 
the following quasi-minimality condition, which is a direct consequence of (1.8) 
and (1.9). For every x9 € 0Q, N D, there are ro > 0 and a continuous non-negative 
function € : [0,r] —> R, vanishing in zero and such that 


Falu, D) <Fa (v, D) + e(r)|B-| forevery O0<r<ro 


and every v€ H! (D) such that u—ve HÈ (B, (x0)). 


Let uxo,r, be a blow-up sequence converging locally uniformly to the blow-up limit 
ug. By Proposition 6.2 and the results of Sect. 6.2 we have that, for every R > 0, 


(i) the sequence uy,,,, converges to uo strongly in H l (Br); 
(ii) the sequence of characteristic functions 1g, converges to lg, in L! (Bp), 
where 


Qn := {Uxo,rn > 0} and Qo := {uo > 0}; 


(iii) the sequence of sets Qa converges locally Hausdorff in Br to Qo; 


Moreover, using again Proposition 6.2, we get that every blow-up limit uo of u is 
a global minimizer of Fa. Next, since u is a critical point of Fa, we can apply 
Lemma 9.11 obtaining that every blow-up limit of uo is one-homogeneous. We 
summarize this in the following statement, with which we conclude this step of 
the proof: 


Every blow-up of u is a one-homogeneous global minimizer of Fa. (1.12) 


Step 5. Optimality condition on the free boundary. Using the convergence of the 
blow-up sequences (proved in the previous step) and the structure of the blow-up 
limits (claim (1.12)), we can apply Proposition 9.18. Thus, u is a viscosity solution 
of 


Au=0 in Qu, \Vul= /A on ðQ ND. (1.13) 


in viscosity sense (see Definition 7.6). 

Step 6. Decomposition of the free boundary into a regular and a singular parts. As 
in the proof of Theorem 1.2, we say that x9 € Reg(dQ,) if x9 € OQ, D and there 
exists a blow-up limit uo of u (at xo), for which there is a unit vector v € R? such 
that 


ug(x) = VA (x -v)4 forevery x€ R. 


The singular part of the free boundary is defined as Sing(dQ,) := (Qu D) \ 
Reg(dQ,,). The C!*-regularity of Reg(dQ,,) now follows by Theorem 8.1 and the 
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fact that u is a solution of (1.13). The estimate on the dimension of the singular set 
(Theorem 1.9 (ii)) now follows directly from Proposition 10.13. oO 


1.6 An Epiperimetric Inequality Approach to the Regularity 
of the Free Boundary in Dimension Two 


This section is dedicated to a recent alternative approach to the regularity of the 
free boundaries based on the so-called epiperimetric inequality, which was first 
introduced by Reifenberg in the contact of area-minimizing surfaces, but in the 
context of the one-phase problem, it was first proved in [49]. We restrict our 
attention to the two-dimensional case since the epiperimetric inequality is (for 
now) known to hold only in dimension two (see Theorem 12.1 and Theorem 12.3). 
Precisely, we will give an alternative proof to the following result. 


Theorem 1.10 (Regularity of the Free Boundary in Dimension Two) Let D be a 
bounded open set in R?. Letu : D — R be a non-negative function and a minimizer 
of Fa in D. Then: 


(i) u is locally Lipschitz continuous in D and the set Quy = {u > 0} is open; 
(ii) the free boundary 0Qy N D is C!-regular. 


Proof of Theorem 1.4 We first notice that the Lipschitz continuity of u follows by 
Theorem 3.1. In what follows, without loss of generality we assume that A = 1. By 
the non-degeneracy of the solutions (Chap. 4) and the convergence of the blow-up 
sequences (Chap. 6, Proposition 6.2), we have that, for every free boundary point 
xo E€ OQ, and every infinitesimal sequence ry — 0, there exists a subsequence of 
rn (still denoted by rn) such that uxọ,r, converges locally uniformly to a non-trivial 
blow-up limit uo : R? — R. Moreover, 


e the sequence ux), converges to uo strongly in H l (B1); 
e the sequence of characteristic functions Luxovrn >0} converge to 11, ) +} in L! (B1). 


Next, we notice that by the Weiss monotonicity formula (Proposition 9.4) the 
function r +> Wi(uxo,r) is monotone increasing in r and the blow-up limit uo 
is one-homogeneous global minimizer of Fı in R? (see Lemma 9.10). Thus, by 
Proposition 9.13, we obtain that uo is a half-plane solution, that is 


ug(x) = (x-v)+, 


for some unit vector v € R?. Now, the strong convergence of the blow-up sequence 
and the monotonicity formula (Proposition 9.4) imply that 


inf W; (Uxo,r) = lim W; (Uxo,r) = lim W; (Uxo,rn) = Wi (u0) = =. 
r>0 r>0 n> 0o 2 
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In conclusion, we have that: 


e the energy 
T 
Elu) := Wi (u) -— =, 
2 
is non-negative along any blow-up sequence uxg,r with x9 € 0Qy N D, 
T 
E (uxor) = Wi (Uxor) — 3 >0 forevery r >Q; 


e the free boundary is flat, that is, for every x9 € OQ, N D and every £ > 0, there 
exists r > 0 and v € 0B, such that: 


(x-V—€)4 < Ux r(x) < (x-v+e)+ forevery x € By. 


Now, by the epiperimetric inequality (Theorem 12.1) and Proposition 12.13, we 
obtain that, in a neighborhood of x9, 9Q, is the graph of a C! regular function. 
oO 


1.7 Further Results 


The main objective of these notes is to introduce the reader to the free boundary 
regularity theory and to provide a complete and self-contained proof of the 
regularity of the one-phase free boundaries. In this perspective, our main results 
are Theorems 1.2, 1.4, 1.9 and 1.10. On the other hand, in these notes, we also 
prove several other results, which might be interesting for specialists and non. Here 
is a list of results, by section, which are worth to be mentioned in this context. 


Chapter 2 In Proposition 2.10 we give a direct proof to the fact that the half-plane 
solutions are global minimizers of Fa. This is well-known, as the result can be 
obtained from the following facts: 


— the blow-up limits of a solution u at points of the reduced boundary 0*Q,, are 
half-plane solutions (Lemma 6.11); 

— the reduced boundary 0*Q, is non-empty as Q, is a set of finite perimeter 
(Proposition 5.3) and for sets of finite perimeter we have the identity Per(Q,) = 
HT! (3* Ru) (see [43]). 


In Lemmas 2.15 and 2.16 we prove the existence and the uniqueness of two one- 
phase free boundary problems. Moreover, we prove that the solutions are radially 
symmetric and we write them explicitly. 
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Chapters 3 and 4 In Proposition 3.15 and Lemma 4.5, we present the methods 
of Danielli-Petrosyan ([18], for the Lipschitz continuity) and David-Toro ([19], for 
the non-degeneracy) in the simplified context of the classical one-phase Bernoulli 
problem. Both methods are very robust and can be applied to more general free 
boundary problems. 


Chapter 5 In Proposition 5.3 we prove that if u is a minimizer of Fa in a set 
D, then Q, has locally finite De Giorgi perimeter in D. The method is a localized 
version of a global estimate by Bucur (see [8]), on the perimeter of the optimal 
shapes for the eigenvalues of the Dirichlet Laplacian. 

In Proposition 5.7 we prove that, if u is a minimizer of Fa in a set D, then 
the H1! Hausdorff measure of the free boundary 3N, is locally finite in D. The 
method is very general and can be applied to many different free boundary problems, 
for instance, to the vectorial problem (see [42]). 


Chapter 6 In Proposition 6.2 we give the detailed proof of the strong convergence 
of the blow-up sequences, which is often omitted in the literature. Moreover, we 
state and prove a general result (Lemma 6.3) which can be applied to different free 
boundary and shape optimization problems. 


Chapter 7 In Proposition 7.1 we prove that if u is a minimizer of F; in D, then it 
is satisfies the optimality condition 


|Vul=VA on 02,ND, 


in viscosity sense (Definition 7.6). This result is well-known, but in the literature the 
proof is usually omitted. Our proof of Proposition 7.1 is based on a comparison with 
the radial solutions constructed in Lemmas 2.15 and 2.16. We give another proof of 
this fact in Chap. 9. 


Chapter 8 In this section we give a detailed proof of the fact that the improvement 
of flatness (Condition 8.3) implies the C!® regularity of the free boundary (see 
Lemma 8.4 and Proposition 8.6). In particular, in Sect. 8.2, we explain the relation 
between the uniqueness of the blow-up limits, the rate of convergence of the blow- 
up sequences, and the regularity of the free boundary (Proposition 8.6). 


Chapter 9 In Sect.9.5, we give another proof of the fact that, if u is a local 
minimizer of F, in D, then it satisfies the optimality condition 


|Vul = V/A on 02,ND, 


in viscosity sense (see also Proposition 7.1). The method that we propose is based 
on the Weiss monotonicity formula and is very robust, for instance, it applies to 
general operators (see [46]) and to vectorial problems (see [41]). This method was 
first introduced in [41]. 
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Chapter 10 This section is an introduction to the Federer’s Dimension Reduction 
Principle in the context of free boundary problems. Our main result (Proposi- 
tion 10.13) is an estimate on the dimension of the singular set under general 
conditions. 


Chapter 11 In Sect.11.3 we combine the unique continuation principle of 
Garofalo-Lin [34] with the Faber-Krahn-type inequality from [10] to prove a strong 
unique continuation result for stationary functions of the Dirichlet energy Fo (see 
Proposition 9.19 and [46]). 


Chapter 12 This section is dedicated to the epiperimetric inequality (Theo- 
rem 12.1) that first appeared in [49]. We give here a different proof that inspired the 
approach to the epiperimetric inequality at the singular points in higher dimension 
(see [29]). 

In Lemma 12.14 we prove that the epiperimetric inequality at the flat free 
boundary points in any dimension (Condition 12.12) implies the regularity of the 
free boundary. The proof is similar to the one in [49], but has to deal with the 
closeness condition in the epiperimetric inequality (see Condition 12.12), precisely 
as in [29] and [28]. 

In Sect. 12.6 we prove comparison results for minimizers of Fa (Proposi- 
tion 12.19 and Lemma 12.22) and for viscosity solutions (Lemma 12.21). 

In Theorem 12.3 we prove an epiperimetric inequality in dimension two without 
any specific assumption on the trace on the sphere. This results covers both 
Theorem 12.1 and the main theorem of [49]. Both Theorem 12.3 and Theorem 12.1 
are new results. 
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Chapter 2 ® 
Existence of Solutions, Qualitative Sess 
Properties and Examples 


In this section, we prove that local minimizers of the functional Fa do exist 
(Proposition 2.1) and we give several important examples of local minimizers that 
can be computed explicitly (Proposition 2.10, Lemmas 2.15 and 2.16). 


Proposition 2.1 Let A > 0, D C R be a bounded open set and the function 
ge H'(D) be fixed and such that g > 0 in D. Then, there exists a solution to the 
variational problem 


min{Fa(u,D) : u € H'(D), u—g € Hg(D)}. (2.1) 


Moreover, every solution u of (2.1) has the following properties: 


(i) u is non-negative in D; 
(ii) u is locally bounded in D; 
(iii) there is a function ù : D — R such that u > 0 and u = u almost everywhere 
in D and 


1 
u(xo) = lim — u(x) dx for every xo € D. 
r>0 |Br| JB, (xo) ` 


Remark 2.2 From now on, we will identify any solution u of (2.1) with its 
representative &; for the sake of simplicity, we will always write u instead of w. 


The rest of the section is organized as follows. In Sect. 2.1 we discuss some of 
the properties (scaling and truncation) of the function F,. Section 2.2 is dedicated 
to the proof of Proposition 2.1. In Sects. 2.3 and 2.4, we discuss several examples of 
local minimizers, which we will find application in the next sections. 
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2.1 Properties of the Functional F 


In this section, we discuss several basic properties of the functional 
(A,t, D) œ> Fau, D). 


We give the precise statements in Lemmas 2.3, 2.4 and 2.5. 
Lemma 2.3 (Scaling) Let Q C RT be an open set and u € H'(Q). 


(a) Let xo € R, r > 0 and 


y — x0 


1 
uxor (x) = zro +rx) and Qor = f = 


Then uxyr € H! (Qygr) and 
Fh (Uxor Ror) = r7? Fa (u, Q). 
In particular, if u is a minimizer of Fa in Q., then uxo, is a minimizer of Fa in 
Qyo,r- 
(b) For every t > 0, we have 
F,2, (tu, Q) = t? Fa (u, Q). 


In particular, if u is a minimizer of Fa in Q, then tu is a minimizer of F2 
in Q. 


Proof The proof is a straightforward computation. o 


Lemma 2.4 (Truncation) Let Q C R? be an open set andu € H '(Q). Then, 


Fae D- FOV u D= | |Vul* dx. 
{u <0} NQ 


Moreover, for every t > 0, we have 


Fal. D- Faua) = f |Vul* dx. 
{u>t}NQ 


Proof The proof follows by the definition of F and the identities 


V(UAT) = LweryVu and V(uv0) = lwso) Vu. 
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Lemma 2.5 (Comparison) Let Q C R be an open set and u,v € H l (2) be two 
given functions. Then we have 


Falu Vv, Q) + Falu A v, Q) = Fa lu, Q) + Fa lU, Q). 
Proof The proof is a straightforward computation. In fact, we have 
Failu V v, Q) + Fa(u A v, Q) 


=f |V (u v v)? dx + Al{uv v > O}NQI 
Q 
+f |V (u A v)? dx + Al{u A v > 0} N Q| 
Q 
=f Vußdx+ | [Vul|? dx + A|({u > 0} U {v > 0}) NQ| 
QN{u>=v} QN{u<v} 
+f Ivo ax + | [Vul* dx + Al{u > 0}N {v > GN L| 
QN{u>v} QN{u<v} 


Sf Vu? dr + Altu > 002+ f |Vvl? dx + Al{v > ON 2| 
2 2 
= Fatu, Q) + Fa(v, Q), 


which concludes the proof. o 


2.2 Proof of Proposition 2.1 


In this section we prove Proposition 2.1. We will first show that the minimizers 
of Fa are subharmonic functions (Lemmas 2.6 and 2.7) and then we will deduce 
the claim (iii) of Proposition 2.1 (see Remark 2.2). At the end of this section, we 
will complete the proof of Proposition 2.1 by proving that there is a solution to the 
variational problem (2.1). Finally, in Lemma 2.9, we discuss the definition of the 
free boundary, which can be (equivalently) defined both as the topological boundary 
of the representative u (of the function u € H 1(D)) defined in Proposition 2.1 and as 
the measure-theoretic boundary of &2,,, which does not depend on the representative 
of u and is defined as the set of points x9 € D for which 


|B (x0) O Qy| >O and |Q, \ B-(xo)| >0 forevery r> 0. 


Lemma 2.6 (The Minimizers of Fa Are Subharmonic Functions) Let D C R7 
be a bounded open set and the non-negative function u € H! (D) be a minimizer of 


26 2 Existence of Solutions, Qualitative Properties and Examples 


Fy in D. Then u is subharmonic, Au > 0, on D in sense of distributions: 
f Vu-Vodx <0 forevery g € CX(D) suchthat ¢p>0 on D. 
D 


Proof Let g € C (D) be a given non-negative function. Suppose that tf > 0 and 
v = u — tọ. Then we have that v} < u. In particular, integrating on the support of 
gy we have 


Faw.) = f |Vu|? dx + Al{u > 0}N DI 
D 
< | Vy dx+Alto > 0} DI < f |Vv|? dx+Al{u > 0}N DI. 
D D 


This implies that 


[var ars f Vu -19)Pdx= | Vu ax—2r f Vu: Vedx+e f |Vol* dx, 
D D D D D 


and the claim follows by taking the (right) derivative at t = 0. o 


There is also a more general result, which applies not only to minimizers, but 
also to generic non-negative functions, which are harmonic where they are strictly 
positive. The proof can also be found in the book of Henrot and Pierre [36]. 


Lemma 2.7 (The Minimizers of Fa Are Subharmonic Functions I) Let D C 
R? be a bounded open set and the non-negative function u € H! (D) be harmonic 
in the set Qy := {u > 0}, that is 


f ivurax <f |Vv|? dx for every v € H!(D) 
D D 
such that u — v € Hg(D) and v=0 on D\Qy. 


Then u is subharmonic, Au > 0, on D in sense of distributions. 


Proof Let ¢ € C? (D) be a given non-negative function and let pẹ : R > R be 
given by 


0 ifx < £/2, 
1 

pe(x) = 4 -(2x — €) ifx € [e/2, el, 
€ 


1 ifx>e. 
Since u; := u + t ps (u)ọ is a competitor for u and for t € R small enough 


{u > 0} = {u; > 0}, 
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we have that for t small enough 


[ivutars f |Vu;| dx, 
D D 


which gives 
f pe(u)Vu- Vo dx <f pi. (u)|Vul?o dx +f De(u)Vu-Vdbdx 
D D 2 
= f Vu: Vipetady dx =0, 
D 


where the last inequality is due to the fact that pẹ is increasing. Now since p-(u) 
converges to 1;, 0}, as € —> 0, we get that 


/ Vu-Vodx <0, 
D 
which concludes the proof. o 


Remark 2.8 (Pointwise Definition of a Subharmonic Function) Let D be an open 
set and u € H! (D) be a subharmonic function. Then, for every x9 € D, we have 
that 


the functions rh £ udH?-! and rw udx are non-decreasing. 
ƏB, (x0) B, (x0) 
(2.2) 


As a consequence of (2.2), we obtain that: 


e u is locally bounded, u € L%.(D); 
e we define & : D —> R as 


u(xo) := lim u(x)dx forevery xo € D. 
r=>0* JB, (x0) 


Proof of Proposition 2.1 We first prove that a solution exists. Let un € H i (D) be 
a minimizing sequence such that un — g € Hy (D) and 


Fa (un, D) < Fale, D) for every n>l. 
By Lemma 2.4 we may assume that, for every n > 1, un > 0 on D. For simplicity, 


we assume that d > 2 (the case d = 2 is analogous) and we set 2* = T Then, 
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we have 


lun — glz (py S caf [V un — 8)|? dx < 2C4 (/ |Vun[? dx +f Ve dx) 
D D D 
< 2Ca(Fa (un, D) + Fa (8, D)) < 4CaF a(g, D). 

Now, we estimate, 
lun — Bllz2¢p) < n — 8 FOV lun — gZ 

< (Ifun > N DI + Hg > 0} DI)?” 4CaFa (g, D) <8CaA~*F alg, D) Y, 
which implies that the sequence un is uniformly bounded in H! (D). Then, up to a 
subsequence, we may assume that u„ converges weakly in H!(D) and strongly in 


L? (D) to a function u € H! (D). Now, the semi-continuity of the H ! norm (with 
respect to the weak H! convergence) gives that 


f VuP ax < timine f |Vun|? dx. 
D n—-> oo D 


On the other hand, passing again to a subsequence, we get that un converges 
pointwise almost everywhere to u. This implies that 


Liu>0} < lim inf 11,50}, 

n—> oo 

and so, 
{u > 0}N D| < liminf |{u, > 0} N DI, 

n—> Oo 

which finally gives that 
F(u, D) < liminf F, (un, D), 
n—> Oo 


and so, u is a solution to (2.1). Now, we notice that Lemma 2.4 implies that u > 0 
on D. Lemma 2.6 and Remark 2.8 give the claims (ii) and (iii). o 


We conclude this subsection with the following lemma, where we show that the 
set Q,, has a topological boundary that coincides with the measure theoretic one. 
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Lemma 2.9 (Topological and Measure Theoretic Free Boundaries) Let D C R? 
be a bounded open set and u be a local minimizer of F, in the open set D C R¢ or, 
more generally, letu : D —> R, u € H! (D), be a non-negative function satisfying 


(a) u is harmonic in Qy = {u > 0} in the sense that 
l |Vul? dx <f |Vvļ?dx forevery ve H!(D) 
D D 
such that u-— v€ HR (D) and v=0 on D\ Quy. 


(b) u is defined everywhere in D and 


u(xo) := lim u(x) dx for every xo E D. 
r>0* JB, (x0) 


Then, the topological boundary of Qy coincides with the measure-theoretic one: 
Iu N D = [x ED: |B(x)AQy|>O0 and |B,(&)N{u =O} > 0, Yr > of. 
Proof We first notice that the following inclusion holds : 

UND li ED : |B(x)NQy|>O0 and |B,(x)A{u = 0} > 0, Yr > of. 


In order to prove the opposite inclusion we show that 


(i) if |B, A {u = 0}| = 0, then u is harmonic in B, and B, N {u = 0} = Ø. 
(ii) if |B, A {u > O}| = 0, then u = 0 in B,, i.e. B, O {u > O} = Ø. 


In order to prove (i) we notice that u is necessarily harmonic in B,, since otherwise 
we can contradict the minimality of u by replacing it with the harmonic function 
with the same boundary values. By the strong maximum principle, u is strictly 
positive in B,. The proof of (ii) follows directly from (b). oO 


2.3 Half-Plane Solutions 


The so-called half-plane solutions (see Fig. 2.1) 
hy (x) = VA (+ v)4 
play a fundamental role in the free boundary regularity theory. In fact, in the next 


sections we will show that if a local minimizer u is close to a half-plane solution 
(at some, possibly very small, scale), then the free boundary is C! regular; then, 
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Fig. 2.1 A half-plane 


solution 
Ah, = 0 
|Vh,| = VA 
—v 
<=! 
Nes = 


we will also prove that at almost-every free boundary point the solution u coincides 
with a half-plane solution at order 1. 

In this subsection, we make a first step in this direction and we prove that the half- 
plane solutions are global minimizers. This result is usually omitted in the literature 
since it is implicitly contained in the fact that the blow-up limits at the points of the 
reduced free boundary (of any local minimizer) are indeed half-plane solutions (we 
will prove this fact later, in Lemma 6.11). The main result of this subsection is the 
following. 


Proposition 2.10 (The Half-Plane Solutions Are Local Minimizers) Letv € R? 
be a unit vector. Then the function Hy(x) = JA (v - x) is a global minimizer of 
Fa. 


Definition 2.11 (Local Minimizers) Let D be an open set in R. We say that the 
function u : D — R is a local minimizer of F, in D, if u € H},.(D), u > 0, and 
for any bounded open set Q such that Q C D, we have 


Falu, Q) < Fa (v, Q) for every ve HL.(D) suchthat u—v € Hi (Q). 


Definition 2.12 (Global Minimizers) We say that the function u : R? > Risa 
global minimizer of F4, if u is non-negative on R, u € HL, (R®) and u is a local 
minimizer of F, in R2. 

In order to prove the minimality of the half-plane solutions, we will need the 


following lemma. We notice that it is useful also in other contexts. For instance, it 
allows to prove that the solutions of (2.1) are bounded. 


Lemma 2.13 Let D C Rf be a bounded smooth open set or D = R°. Let xo € R? 
be a given point, v € R¢ be a unit vector and let 


v(x) = hy (x — xo) = VA sup{0, (x — xo) - v}. 
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Suppose thatu € H'(D) is a non-negative function such that 
u=0 on IDN{v=0)}. 
Then 
Falu Av, D) < Falu, D), 
with an equality if and only if u = u ^ v. 


In particular, if u is a solution to (2.1), then u has bounded support. Precisely, 
u = 0 outside the set conv(D) + Bı, where conv(D) is the convex hull of D. 


Proof Without loss of generality we can suppose that v = eg and xp = 0. For the 
sake of simplicity, we set Hy = {xg > 0} and H- = {xq < 0}. Then 


F(u, D) — Fa (u A v, D) =f |Vul* dx + A| H-N {u > 0}| 
H. 


+f (|Vul* — |Vv]?) dx, 
H40O{f{u>vy A xa} 


where (in the case when D is bounded) we assume that u is extended by zero on 
H_ \ D. By the fact that v(x) = i at is harmonic on {xg > 0}, we get that 


f (|Vul? — |V v|?) dx =i (IV u — v)|? +2Vv- V (u — v)+) dx 
H4Nfu>vV A xg} H n{u>VK xa} 
=f |V (u — v)|? dx —2VA udHt!, 
H n{u>VK xa} {xa =0} 


We recall that for every u € H'!({xq < 0}) we have the inequality! 


1 |Vu|? dx + Al{u > O}N {xg < 0}| > 2VA udH@"!, 
{xa <0} {xa=0} 


where the equality holds, if and only if, u = 0 on {xg < 0}. Thus, we obtain 


Fre D- Fauno D> | [Vu — v2 dx > 0, 
Ay N{u>V A xa} 


where the last inequality is an equality if and only if u < v on R4. o 


1 Indeed, if f: R > Rt is a Sobolev function such that f(a) = 0 for some a < 0, then we have 


0 17 po i 23 1 , 0 F 
to=f Poashir#nnas: <o (f If Ol ar) <5 (lr eonesol+ f ora). 
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Proof of Proposition 2.10 Without loss of generality we may suppose that v = eg 
and set 


A(x) = VAxt. 


Suppose that R > 0 and u € H} A(R?) is a non-negative function such that u — h € 
Hy (Br). It is sufficient to prove that F; (h, Br) < Fa (u, Br). By Lemma 2.13 we 
have that 

Fa (u Nh, Br) < Falu, Br). 


Thus, we may suppose that u < h. Since h is harmonic in {xg > 0} we get that 


F(u, Br) — Fath, Br) = 


{xq> 


a] |V u — h)|? dx, 
{xa >O}A{u>0} 


where the last equality is due to the fact that 


|V — h)|? dx — Al{xa > 0} {u = 0}| 
o) 


|Vu—h)|=|Vh|=VA — ontheset {u= O}. 


This concludes the proof. o 


2.4 Radial Solutions 


In this subsection, we give two examples of local minimizers, which are radial 
functions. Despite of being ones of the few non-trivial examples of local minimizers, 
they will also be useful in the proof (to be precise, in one of the two proofs that we 
will give) of the fact that the local minimizers satisfy an overdetermined condition 
on the free boundary in viscosity sense (see Definition 7.6 and Proposition 7.1). 
Let D be a bounded open set in R? with smooth boundary. We consider the 
following variational minimization problem in the exterior domain R? \ D. 


min | f |Vul? dx + |{u > 0}| : u € H'(R%), u = 1 in p} : (2.3) 
R4 
The “interior” version of this problem reads as 
min | | |Vuļ dx + |{u > 0} D| : u € H'(D), u = 1 on ap) (2.4) 
D 


We first prove that the problems (2.3) and (2.4) admit solutions. 
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Lemma 2.14 (Existence of a Solution) Suppose that D is a bounded open set in 
R? with smooth boundary. Then the variational problems (2.3) and (2.4) admit 
solutions. 


Proof We give the proof for (2.3), the case (2.4) being analogous (and easier as 
it does not require the use of Lemma 2.13). Let un be a minimizing sequence in 
H! (RÎ). By Lemmas 2.4 and 2.13 we can suppose that 0 < un < 1 and supp (un) C 
conv(D) + Bı. Now, up to a subsequence, we may suppose that un converges in 
L?(R¢ ) and pointwise almost everywhere to a function u € H (RJ). The claim 
follows by the semicontinuity of F4. o 


In Propositions 2.15 and 2.16, we will prove that, in the special case when the 
domains D in (2.3) and (2.4) are balls, the solution is unique and can be computed 
explicitly. 


Proposition 2.15 (Optimal Exterior Domains) Let the domain D in R? be the 
ball B,. Then, there is a unique solution uy of (2.3). Moreover, for every r, there is 
a radius R > r, uniquely determined by r and d, such that u, is given by 


uy=1 in B,, uy =O in R? \ Br and uy =h, in Br\ B,, 
where h, is a radial harmonic function (as on Fig. 2.2). Precisely, h, is given by 


|x|2-¢ — R2-4 In|x|—InR 


nr—InR 


Moreover, the radius R and the function u, satisfy the following properties: 


(i) The radius R = R(r) is a continuous function of r such that 


r<R<r4+l 
and 


lim |R(r)—(r + D| =0. 
r—>-+oo 


Fig. 2.2 An exterior radial uy = 1 on B, 
solution 


Au = 0 |Vu;| = 1 on OBR 
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(ii) The gradient of h, is given by 


|Vhy|(x) = (|x|/R)'. 


Proof We first notice that taking the Schwartz symmetrization u* of any function 
u we get that F (u*, R4) < F(u, R3). Thus, there is a minimizer of F, which is a 
radial function. We first show that there is a unique radial function that minimizes 
of Fj in the class of radial functions. 

Let d > 3. For every 0 < r < R, consider the function 


ur R(x) = —— r, if r<|x|<R, 


Since u, r is the unique harmonic function in Br \ B,, we get that the minimizer of 
F among the radial functions is necessarily given by a function of the form u+, R. 
We calculate the energy 


d(d — 2)wq 
Fip RD= f War gl? dx + Bel = SSeS + wR, 
Br\B, rat — R 
l _ dd-2 Diced: 
We notice that the function f(R) := 2a — Rod + R“ is strictly convex and 


lim f(R)= lim f(R) =+0. 
Rort+ R->+00 


Thus, there is a unique radius R > r that minimizes f. We denote this radius by Rx. 
Notice that, since f’(Rx) = 0, we have 


RE! (r4 — R4) =d —2. (2.5) 
Let d = 2. For every 0 < r < R, consider the function 


1, if |x| <r, 
In (R/|x|) 
ln (R/r) ° 
0, if |x| > R. 


ur R(x) = if r< |x| < R, 


As in the case d > 3, we calculate the energy 


JE: 
Fir Rd= | |Vu, r| dx +|Br| = ———— +r 
í BR\B, ln (R/r) 
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As in the case d > 2, there is a unique R, > r that minimizes the function R b 
F(u, R). Moreover, R, is such that 


R,(In Ry — Inr) = 1. (2.6) 


We notice that the claims (i) and (ii) follow by (2.5) and (2.6). 

We now prove that the functions u, g, are the unique minimizers of Fı among all 
admissible functions. Indeed, consider any minimizer u of F; and suppose that it is 
not radial. We notice that the symmetrized function u* is also a solution. Since it is 
radial, we get that u* = ür, R3 and in particular |{u > 0}| = |Br,|. By Lemma 2.5, 
the functions v = u ^ u* and V = u V u* are also minimizers of F. If u is not 
radial, then we have |{v > O}| Æ |Br,| or {V > 0}| Æ |Br,|. On the other 
hand the symmetrized function v* and V* are also solutions and so, we must have 
v* = V* = u*ř and in particular |{v > 0}| = |{V > 0}| = |BRr,l, which is in 
contradiction with the assumption that u is not radially symmetric. o 


Proposition 2.16 (Optimal Interior Domains) Let the domain D in R! be the 
ball Br. Then, there is a dimensional constant Cq > 0 such that, for every R > Ca, 
there is a unique solution ur of (2.4). Moreover, up is radially symmetric and has 
the following properties: 


urR=1 on OBR, urR=O0 in B, and UuR=hr in Br\B,, 
(2.7) 


where hp is a radially symmetric harmonic function (see Fig. 2.3). Precisely, 


ees — pe In|x| —Inr 


hr) = Gra if d>=3, hr) = [Ror if d=2, 


Fig. 2.3 An interior radial up =1lon Br 
solution 


ur =0 and |Vur| =1 on OB, 
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where the radius r depends on R and d and has the following properties: 


(i) The radius r = r(R) is a continuous function of R such that 


lim |r(R) —(R—1)| = 0. 
R->+00 


(ii) The gradient of hr is given by 


|[Var|@) = (x/r). 


Proof As in the proof of Lemma 2.15, we start by noticing that for every function 
u, there is a radially symmetric function u* with lower energy. In fact, it is sufficient 
to consider the function v = 1 — u and its Schwartz symmetrization v*. We define 
u* as u* := 1 — v* and we notice that 


Fu", Be) = f |Vu*|? dx + |{u* >on Bel = [ |Vv*|? dx + |{v* < 1}N Bpr] 


Br Br 


<f |Vv|? dx +|{u < 1}N Brl -=f |Vul? dx + |{u > 0} N Br| = Fı (u, Br). 
Br 


Br 


Thus, there exists a radially symmetric minimizer u* of F. Now, since u* is 
harmonic in {u* > 0}, it should be of the form u* = ur R, where ur, pR is given 
by (2.7) for some radius r < R. Now, for any r € (0, R), the energy of u, r is given 
by 


d(d — 2)wq 
Filtre B= f Vung? dx + Br \ Bel = SG + oy (R! =r) 
Br\B, ii: 
Consider the function 
d(d —2) F 


It is easy to check that, 
lim f(r) =0 and lim f(r) = +o. 
r>0 r>R 


Moreover, for R large enough, f(R/2) < 0. We now calculate 


Thus, f’(r) = 0 if and only if 


g(r) := (d — 2) =r +r’ IR 4 =0. 
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Now, the equation g(r) = 0 has at most two solutions and we have that 
g(0) = g(R) =d-2>0. 
On the other hand, for R large enough, we have 
g(d—1) <0 and g(R — 2) <0. 
Thus, the equation g(r) = 0 has exactly two solutions: 
r_€ (0,d— 1) and r4 E (R—2,R). 


Now, let Mq be the minimum of f in the interval [0, d — 1]. For R large enough, we 
have 


d(d — 2) 


= _ 9)\d-2 
f(R-2) = (R — 2) (“So ee 


= 2) < My. 


Thus, there is a unique r € (0, R) that minimizes f in (0, R). Moreover, R — 2 < 
r < R. Moreover, the claim (i) follows from the fact that, for every € > 0, there is 
Rs > 0 such that if R > Rs, then 


g(R —-(—8)) <0 and g(R-(U+e)) > 0. 
This implies that R — (1 + €) < r(R) < R — (1 — €), which is precisely (i). 


Let now d = 2. For every r € (0, R), consider the function u, R given by (2.7) 
for some r > 0. We calculate the energy 


Fi (uy.r, Br) =f |Vu, Rl? dx + |Br\ B,| = +a(R? -r°). 


27 
Br\B; ln (R/r) 


Next, we define 


we calculate 


2 


c= apie 


and we set 


g(r) := 1 —r(ln R — lnr). 
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As above, g can have at most two zeros in the interval (0, R). Moreover, g(0) = 
g(R) = | and for R large enough, we have 


2 
gi) =1-InR <0 and eR-D=1-R-Dm(1- Zs) <0. 


Thus, the two zeros of g are in the intervals (0, 1) and (R — 2, R), respectively. Now, 
for R large enough, we have 


2 
In(1+ 25) 


Thus, for large enough R, there is a unique r that minimizes f in (0, R) and R—2 < 
r < R. The claim (i) follows as in the case d > 2. The claim (ii) is immediate and 
follows from the equation g(r) = 0. The uniqueness of the solution now follows as 
in Lemma 2.15. o 


f(R-2) = — (R= 2? < —1 < f(1). 
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Chapter 3 A 
Lipschitz Continuity of the Minimizers gsti 


In this section, we will prove that the local minimizers of Fa are Lipschitz 
continuous. Our main result is the following. 


Theorem 3.1 Let D C R? be an open set and u € H}(D). Suppose that u is a 
local minimizer of Fa in D. Then, u is locally Lipschitz continuous in D. 


Theorem 3.1 is a consequence of the more general Theorem 3.2, which can be 
applied not only to minimizers of Fa (we will need this result for the proofs of 
Theorems 1.2, 1.4 and 1.10), but also to the case of minimizers for the problem 
with a measure constraint (Theorem 1.9); we notice that we will be able to apply 
Theorem 3.2 to (1.6) only after proving that an outwards minimality property of the 
type (3.1) holds at very small scale (see Sect. 11.5). 


Theorem 3.2 Let D be a bounded open set in R? andu € H'(D) be a non-negative 
function satisfying the following minimality condition: 


Falu, D) < Fa(v, D) forevery ve H!(D) such that 


u—ve HAD) and Qu Cy. (3.1) 


Then, u is locally Lipschitz continuous in D. 


The outwards minimality condition appeared recently in [9] in the context of a 
shape optimization problem, which can be reduced to a free boundary problem for 
vector-valued functions (see [41]). This property proved to be very useful only in the 
context of other free boundary and shape optimization problems as, for instance, the 
ones involving functionals depending on the perimeter of the set (see [21] and [22]). 
In the case of Fa the outwards minimality condition (3.1) can also be expressed in 
a different way. We give the precise statement in the following lemma. 
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Lemma 3.3 Let D be a bounded open set in R? andu € H'(D) be a given non- 
negative function. Then the following are equivalent: 

(i) u satisfies the minimality condition (3.1); 


(ii) u is harmonic in Q, in the following sense: 


[iivurass f vor ax for every ve H'(D) such that 
D D 


u — v € H! (RI) and u—v=0 a.e. in RI \ Qus 
(3.2) 


and satisfies the minimality condition 


Falu, D) < Fa(v,D) forevery ve H!(D) such that 


u — v € HÈ(D) and u<v in D. 
(3.3) 


Remark 3.4 (On the Sign of the Test Functions in (3.1), (3.2) and (3.3)) Since u is 
non-negative in D, we may suppose that the test functions v in (3.1), (3.2) and (3.3) 
are all non-negative. 


Proof of Lemma 3.3 The fact that (3.1) implies (3.2) and (3.3) is trivial. Suppose 
now that u satisfies both (3.2) and (3.3) and let v € H!(D) be a non-negative 
function such that u — v € Hè (D) and Q, C Q,. Then consider the test functions 
u ^ v and u V v. Since u ^ v = 0 outside Q,, by (3.2), we have that 


f wuars f |V (u A v)|? dx. 
D D 


On the other hand, since u V v > u, (3.3) implies that 
f Vul? dx + AlQu| < / |V(u Vv)? dx + Al Quvil: 
D D 
Summing up the two inequalities, we get 
2 | |Vul? dx + A|Qy| < f |V A v)|? dx +f |V (u v v)? dx + A|Quvvl 
D D D 
=] Vuar + f |Vul? dx + All, 
D D 
which is precisely (3.1). o 


We will give three different proofs of Theorem 3.2, but in each one of them, the 
conclusion (the Lipschitz continuity of u) will be a consequence of the following 
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estimate on the growth of the function u at the free boundary 


f u dH?! <Cr _ forevery xo € 0Q, andevery 0 <r < ro, 
ð Br (xo) 

(3.4) 
where ro > 0 and C > 0 are universal constants depending on the distance to the 
boundary 0D. We give the precise statement in the following lemma. 

Lemma 3.5 Suppose that u € H'(D) is a non-negative function such that: 


¢ uis harmonic in the interior of the set Qu := {u > O}; 
e u satisfies the inequality (3.4) with constants C and ro uniformly in D. 


Then the set Q„ is open and the function u is locally Lipschitz continuous in D. 


Precisely, the gradient of u can be estimated as 


elle D5») 
|Vullne(ps) < Ca | C + = forevery 0<5<r, 


where C4 is a dimensional constant and, for r > 0, we use the notation 
D, := fx e D : dist(x,dD) > r}. 


Proof Suppose that x9 € D N dQy. Passing to the limit as r —> 0 the estimate (3.4) 
we obtain that u(xo) = 0. Thus Q, N 0Q, = Ø and so Q, is open. 
Let now xo € Ds. We consider two cases. 


e If dist(xo,0Q,) > 4/4, then u is harmonic in the ball Bs4(xo) and so, by the 
gradient estimate (see for example [30]) we have 


Ca 
|\Vu(xo)| < =a udx, 
oe Bs(xo) 


where Cg is a dimensional constant. 
e If dist(xo, 0Q,) < 4/4, then we suppose that the distance to the free boundary is 
realized by some yo € 092, and we set 
r = dist(xo, Nu) = |xo — yol. 
Since u is harmonic in B, (xo), we can again apply the gradient estimate obtaining 


C 
[Vuol < T udx = 4 | udx < CaC, 
r B,(xo) Bar (yo) 
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where the second inequality follows by the positivity of u and the inclusion 
B, (xo) C Bz (yo). The last inequality is simply a consequence of (3.4) and the 


fact that 
2r 
f udx= f as f “date. 
Boy (yo) 0 ð Bs (yo) 


oO 


Remark 3.6 (An Alternative Statement of (3.4)) We notice that (3.4) is a conse- 
quence of the following inequality 


f udH?!<Cr_ for every x9 € {u =O} andevery 0<r < ro. 
0 By (xo) 


(3.5) 


This is trivial if we knew a priori that u is continuous, but is true also in general. 
Indeed, by Lemma 2.9, we have that 


Iu = {xo €D:0<|Q,98B,-(%o)| < |B-| forevery r > o}. 


Thus, every point x9 € ƏNQu can be obtained as limit of points xn € {u = O}, 
for which the estimate (3.5) does hold. The claim follows by the continuity of the 
function 


xP f u dH” !, 
ðB, (x) 


for every fixed r > 0, which is due to the fact that u € H (D). 


The rest of this section is dedicated to the proof of (3.4) in the hypotheses of 
Theorem 3.2. In the next three subsections we will give three different proofs of this 
fact. 


e Section 3.1. The Alt-Caffarelli proof of the Lipschitz continuity. 

In this section we present the original proof proposed by Alt and Caffarelli 
(see [3]), which we divide in two steps (Lemmas 3.7 and 3.8). This entire section 
comes directly from [51] and we report it here for the sake of completeness. 

e Section 3.2. The Laplacian estimate. 

In this section we give a proof, which is inspired from the proof of the 
Lipschitz continuity of the solution to the two-phase problem, which was given 
by Alt, Caffarelli and Friedman in [4]. In our case there is only one phase 
(that is, the solution u is positive), so we do not make use of the two-phase 
monotonicity formula of Alt-Caffarelli-Friedman, which significantly simplifies 
the proof. This approach can be used also in other situations, for instance, for 
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functionals involving elliptic operators (in divergence form) with non-constant 
coefficients (see [46]). 
¢ Section 3.3. The Danielli-Petrosyan approach. 

This last subsection is dedicated to the method proposed by Danielli and 
Petrosyan in [18] in the context of non-linear operators. It consists of two 
steps. The first one is to show that u is Holder continuous. This part of the 
argument is very general and is based on classical regularity estimates for 
(almost-)minimizers of variational problems. In the second step of the proof, the 
Lipschitz continuity is obtained by absurd and the result of the first step is used to 
assure the convergence of the sequence of minimizers produced by contradiction. 
This type of argument (proving a weaker estimate and then obtaining the main 
result by contradiction) will be used also in Chap. 8, this time to obtain the 
regularity of the free boundary. 


3.1 The Alt-Caffarelli’s Proof of the Lipschitz Continuity 


This subsection contains the original argument proposed by Alt and Caffarelli in 
[3]. The main steps of the proof are the following: 


e Comparing the energy Fa (u, B, (xo)) of u in the ball B, (xo) with the one of the 
harmonic extension h of u in B, (xo) we get 


f |V(u —h)|? dx < Al{u = 0}/N B, (xo)|. 
B, (xo) 


e It is now sufficient to estimate from below the right-hand side of the above 
inequality. In Lemma 3.7 we will prove that 


1 2 
-ltu = 0} A B, (xo)| (f want") < cu | |V — h)? dx. 
r ð B; (xo) B, (xo) 


e Ifxo € Qu, then {u = 0}N B, (xo)| + 0. Combining the two inequalities we get 


1 
~+ ude < CK. 
ðB, (xo) 


r 


We now give the details of the proof sketched above. The key ingredient is the 
following trace-type inequality (Lemma 3.7), which is implicitly contained in the 
proof of the Lipschitz continuity given in [3] (and can also be found in [51]) and is 
an interesting result by itself. 
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Lemma 3.7 For every u € H'(B,) we have the following estimate: 


1 d-1 : 2 
Stu = 0} B,| £, udH <c f |V (u — h)|* dx, (3.6) 


where: 


e Ca is a constant that depends only on the dimension d; 
e h is the harmonic replacement of u in B,, that is, the harmonic function in B, 
such that u = h on OB,. 


Proof We report here the proof for the sake of completeness, and refer the reader 
to [3, Lemma 3.2 ]. We note that it is sufficient to prove the result in the case u > 0. 
Let v € H!(B,) be the solution of the problem 


min | f |Vv|? dx : uUu—vVE Hy (B;), v> u}. 
B, 


Notice that v is super-harmonic on B, and harmonic on the set {v > u}. 
For each |z| < 1/2, we consider the functions u; and v; defined on B, as 


uz (x) = u((r — |x|)z + x) and v(x) = v((r — |x)z + x). 
Note that both u; and v; still belong to H!(B,) and that their gradients are controlled 


from above and below by the gradients of u and v. We call S, the set of all || = 1 
such that the set fo : s <p <r, u;(p)= o} is not empty. For € € S; we define 


re = int [p 2 > <p <r, ut) = 0}. 


For almost all € € S¢—! (and then for almost all E € Sz), the functions p > 
Vuz(p&) and p +> Vu,(pé) are square integrable. For those £, one can suppose 
that the equation 


m 
(amg =n — uta = f E - V(uz( PẸ) — ve (p£)) dp, 
pı 


holds for all p1, p2 € [0, r]. Moreover, we have the estimate 


r r 1/2 
vea = | E- V (vz — uz)(p§) dp < yr — fg (/ Tes Hoon) 
TE Tg 
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Since v is superharmonic we have that, by the Poisson’s integral formula, 


r— |x| 


u dH” !, 


r? = |x|? u(y) 2 
OEEO 


r 3B, 
where h is the harmonic function such that h = u(= v) on 0B,. Taking 


x= (r—rg)z +r, 


we have 


vieoe- = Sf unt t= SI f gd, 
2 r 3B 2 r OB, 


Combining the two inequalities, we have 


2 r 
| en & 
ri (fi want!) < ca f wo -udo ap. 
r ðB, rE 


Integrating over £ € S, C S4—!, we obtain the inequality 


2 y 
(J Ea at) (f van!) saf J ive. = DPP dpa, 
S F ðB, dB, Jrg 


and, by the estimate that 7/8 < rg < r, we have 


1 2 
zle = 017 Be\Byatr2)| ($ vant) <a | |V (vz = uz) |? dx 
r OB; B, 
<c f |V — u)|? dx. 
B, 


Integrating over z, we obtain (3.6). o 


Lemma 3.8 Suppose that u € H} .(D) be a local minimizer of Fa in the open set 
D CR‘. Then for every ball B, (xo) C D we have 


1 
tu = 0} A B, (0)| (vera -1f 


u ant) > 0. 
B, (xo) 


In particular, if xọ € Qu, then 


f u dH”! < Cav Ar. 
ð B, (x0) 
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Proof Suppose that x9 = 0. Let h € H!(B,) be the harmonic function in B, such 
that h = u on 0B,. By the optimality of u we get 


f |Vul? dx + A|{u > 0}N B,| < f |Vh|* dx + A|B,|. 
B, B, 
Now using (3.6) and the fact that 


[ iu-wPare f (vu? — |Vh P) dx < Alfu = 0A Brl, 
B, B, 


we get 


1 1 
lu = 0} B,| (vera = -+ vant") ( C4A + ~+ vant") >0, 
r JOB, r JOB, 


which gives the claim. o 


3.2 The Laplacian Estimate 


In this section, we propose a different approach to the Lipschitz continuity of u. 
The method comes from the two-phase free boundary theory and, in particular, 
from the work of Alt-Caffarelli-Friedman [4] and Briançon-Hayouni-Pierre [7]. 
This argument was also adapted to the vectorial case in [41] and to a one-phase 
shape optimization problem in [46]. The proof consists of two steps: 


e For every local minimizer u of Fı we have that Au is a positive measure. In 
Lemma 3.9, we prove that the optimality of u implies the estimate 


Au(B,) < Cr?!” 
e In Lemma 3.10, we show that the Laplacian estimate and the classical identity 


Ed u dH! = A : 
dr Jap, d œar’! 


imply that 


f u dH! < Cr, 
3B, 


which gives the Lipschitz continuity of u by Proposition 3.5. 
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Lemma 3.9 (The Laplacian Estimate) Suppose that u is a local minimizer of F, 
in D. Then, for every ball B, (xo) such that B2, (xo) C D we have 


Au(B;(xo)) < Cr! 


Proof Without loss of generality we can assume that xọ = 0. We now notice that 
by Lemma 2.6 the distributional Laplacian 


Au(@) := -f Vu-Vgdx forevery ge c? (D), 
D 


is a positive Radon measure. We first prove that 


Au(g) < Ca ril lVølz2(g, forevery ge CY (B,) andevery B,C D. 
(3.7) 


Indeed, for every y € C? (B,), the optimality of u gives 


Vuax < f Vu? dx + |tu >on B,| < f [Vw + y)? dx + |B;]. 
B; B, B, 


Developing the gradient on the right-hand side, we get 


1 
-f vWuvwaxss3() Vyar + our"). 
F B, 


Setting y = r” IVEN ) P, we get 


1 
/ Vu -Vø dx < E pn IVellacg,) 


1 
E E E 
Let now o € C3 (B2) be such that 


2 
o = 0on Bx, p =1onB,, and IVl LB) < = 


Thus, g > 1g, and by the positivity of Au we have 


Au(B,) < Au(g) < Ca 2r)” Velg) < Cr? 
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Now the estimate (3.4) follows by the following lemma. 


Lemma 3.10 Suppose that u € H'(Bp) is a non-negative sub-harmonic function 
in the ball Br C R? such that u(0) = 0. Suppose that there is a constant C > 0 
such that 


Au(B;) < cr forevery O<r< R. (3.8) 


Then we have 
d—1 C 
udH < —r forevery O<r<R. (3.9) 
3B, doa 


Proof We first notice that for every smooth us we have 


d d-1 £ due d—1 1 I 
dr Jap, ia 9B, On dogri | i Ue (x) dx 


Integrating in r and passing to the limit as £ > 0 we get 


P 
f udni < | Auer) ay 
3B, o doari! 


Now, using (3.8) we get (3.9). o 
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Finally, in the last section dedicated to the Lipschitz continuity of the minimizers, 
we present another proof, which is due to Danielli and Petrosyan and was originally 
carried out in the framework of the p-laplacian (see [18]). In fact, this proof is 
very close in spirit to the one of the regularity of the free boundary that we will 
present in Chap. 8. It consists of two steps. The first one is to prove that the local 
minimizers are Hölder continuous and to find a uniform estimate on their C% 
norm (see Lemma 3.11, Lemma 3.12 and Proposition 3.13). Then, the Lipschitz 
continuity (see Proposition 3.15) follows by a contradiction argument, in which the 
compactness is a consequence of the aforementioned uniform C°” estimate. 


Lemma 3.11 Suppose that Q C R? is a bounded open set and that the function 
u € H! (Q) N L® (Q) is such that: 


(a) u is non-negative and subharmonic in Q; 
(b) u satisfies the minimality condition (3.3) for some constant A > Q. 
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Then, setting 


2 


2 d+3 2 
D F and C=2 [Bil (A + lule) 


the following inequality does hold: 


i |Vul? dx < Co? for every Bp (xo) C Q with p < nF, 
Bp (x0) 


1 
Proof Let r = p™. Thus we have B, (xo) C Q. Without loss of generality we 
can assume that x9 = 0. Let h be the harmonic extension of u in the ball B,. Then, 
u < h and, by the optimality of u, we get 


/ |V(u — h) |? dx =) |Vul? dx -f |Vh|? dx < A|B,]. 
B; B; Br 
Thus, we can estimate the gradient of u as follows 


f |Vu|? dx = Vu WP ax +2 f IVh]? dx 
Bite Bite Bite 


Bik 
<2f Vu — hy arga Bet! 
B, |B 


|VAl|? dx 
r/2 Bry 


<2A|B,| 42/64 f |Vh|? dx, 
Br 


where the second inequality follows by the fact that |V/|? is subharmonic in B, and 
the inequality rê < 1/2. Now, we use the Caccioppoli inequality 


2 2 272 2 2 4|B,|M* 
IVh dx < | |V(ho)| dx= | |Vø| ho dx <||Vellz0 | ho dx < r: 
Brp B, B, B, r 
where M = ||ullzæ(p) = llh||Lœ(g8,) and ¢ is given by 
: . r 2 Pee 2 
g(x) = 0 if |x| >r, g(x) = 1 if |x| < 7 g(x) = -(r — |x|) if 5 < |x| <r. 
r 


Since p = r!*® and ¢ = ?/d we obtain 
d 2 d 
/ |Vul? dx < 2A|Bilpt + 244°|By|M? pf TE < 279|Bi|(A + M?) pT 
Bp 


which gives the claim. o 
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Lemma 3.12 (Morrey) Suppose that Q C Rf, u € H!(Bp) and that there are 
constants C > 0 anda € (0, 1) such that 


f |Vul? dx < Cre) Jorevery xo € Bry andevery r < R/2. 
By (xo) 
Then u € C%- (Bryg) and 
2 
u(x) —u(y)| < ve (2! + =) |x — y|* forevery x,y € Brp. 
a 


Proof Suppose that x, y € Brg and let r = |x — yl. 


a 
Ba JBG) 


= / [u(x +z) = u(y + z)| dz 


1 
=|/ az | 0-9: Yue try +2at 
B, 0 


IA 

= 
l 

i 


1 
f az f |Vu(x(1 — t) + ty + z)| dt 
B, 0 


1 
= =- dt |Vu(x(1 — t) + ty + z)| dz 
B. 


1 
eix-yi ft arf val =r f [Vu 
0 Bo, (x) Bo, (x) 


1/2 
<r Bar ( f vu) < 2? V/C] B, |r®. 
Bo, (x) 


Let now xo € Br; be fixed. Assume for simplicity that x9 = 0. Then we have 


f u -4 u -f [u(rx) — u(sx)] dx = f dx f> - Vu(tx) dt 
B, B; By By s 
=f ax f vuaxiar= f arf Wuxi = f arf |Vu| dx 
Bı $ Ss By s B; 


r 1/2 r C 
<f ar( Vu? dx) <f VC! dt < VC pa, 
s B, Ss a 


which concludes the proof. o 


The following proposition is a direct consequence of Lemmas 3.11 and 3.12. 
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Proposition 3.13 (A Uniform Hölder Estimate) Suppose that the non-negative 
function u € H! (B1) O L®(B1) satisfies the minimality condition (3.1) in the 
set D = Bı. Then, there is a dimensional constant C4 and a universal numerical 
constant p > 0 (one may take p = 1/8) such that 


/ |Vuļ? dx < Ca (A + Iesl20cB,)) 
Bp 
and 


1 
7 2 
lu(x) = u(y) < Ca (A+ lule) x-y  forevery x,y € Bp. 


We are now in position to prove the Lipschitz continuity of u. The idea is 
to argue by contradiction. In fact, suppose that there is a sequence of functions 
ug that minimize the functional Fa in Bı and are such that uz(0) = O and 
mk I= lukll LBi) — +00. Then, the functions vk = m, ug minimize Fa/m, 
and are such that v,(0) = 0 and Il ve ze (Bip) = |. Now, if vg converges to some 
Væ Weakly in H 1 (Biz), then væ is harmonic in Bı}. Moreover, if the convergence 
is also uniform, then vo9(0) = 0, væ = 0 in Bıy and Il Voo Il 22° (Bip) = 1, which is 
impossible. Now, there are two main difficulties that we will have to deal with. 


e The first one is the compactness of the sequence vg. Notice that the L° bound 
of vg in Bi, only assures the uniform C™% bound strictly inside By. On the 
other hand if vg converges uniformly to zero inside Bi. there wouldn’t be any 
contradiction at the limit. Thus, we will need an Harnack-type inequality in order 
to assure that vg remains bounded from below also inside B12. We will solve this 
issue in the proof of Proposition 3.15. 

e The second issue is the harmonicity of væ, which will be a consequence of 
Lemma 3.14 below. 


Lemma 3.14 (Convergence of Local Minimizers) Let BR C R? and uy be a 
sequence of non-negative functions in H! (Bp) such that: 


(a) every Up satisfies the quasi-minimality condition 


Fon, Br) < Fon + p, Br) + En 


forevery pe Hd (B,) andevery r<R, (3.10) 


where & is a vanishing sequence of positive constants. 
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(b) the sequence un is uniformly bounded in H! (Bp), that is, for some constant 
C>0, 


lunli cgp) = Fo(un, Br) +f uzdx<C _ forevery n>. 
R 


Then, there a non-negative ux» € H'(Br) such that, up to a subsequence, we 
have: 


(i) Un converges to uœ strongly in H'(B,), for every 0 <r < R; 
(ii) Ugo is harmonic in Br. 


Proof Up to extracting a subsequence, we can suppose that the sequence un 
converges to a function Ug € H'(Br) weakly in H' (Br), strongly in L?(Br) 
and a.e. in Br. The weak H'!-convergence implies that for every 0 <r < R 


I|Vitoolln2¢B,) < lim inf ||Vun|l12(B,)> (3.11) 


with an equality, if and only if, (up to a subsequence) the convergence is strong in 
B,. Up to extracting a subsequence we may assume that the limits in the right-hand 
side of (3.11) do exist. In order to prove (i), we will show that, for fixed 0 < r < R, 
we have 


| Vutcoll2¢B,) = im. |Vun n2(B,): (3.12) 
Let 7 : Br — R be a function such that 


neC°(Br), O<n<1 in Br, n=1 on OBR, n=O on B,. 
(3.13) 


Consider the test function än = nun + (1 — 7)Uoo. Since un satisfies the (quasi- 
)minimality condition (3.10), we have 


f |Vun|? dx <f |Vūn| dx + €n. 
Br Br 
Next, since 


2 


> 


ey 2 
[Viin|? = |V (nun + (A = n)uoo)| = [Un — Woo) Vn + nVun + (1 — 1) Vitoo 


and since un —> uoo Strongly in L?(Br), we have 
n> Co 


lim sup f (IViinl? _ [Vunl) dx 
Br 


= lim sup f (ln —Ug)Vn +nVun + (1 — n)Vutoo |” = [Vunl) dx 
Br 


noo 
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= tim sup f (o — D|Vun|? +291 — 4) Vite - Vus + (1 — n)?lVuol?) dx 
Br 


noo 


n—> Ooo 


= lim sup f (1 — n?) (1u? — |Vunl*) dx 
Br 


< lim su Uoo|” — |Vün x+ U X; s 
li pf (Viol? = [Vunl*) d Í [Viol d (3.14) 
{n=0} Br\{n=0} 


noo 


By the weak H! convergence of un to uoo on the set {7 = 0} \ B,, we have 


f |Vugo|* dx < liminf f |Vun|? dx, 
{n=0}\B, n> OO J in=0}\B; 


which implies 


lim sup f (IVuæl? = [Vun l?) dx < limsup f (IVucol? = |Vunl?) dx 
(n=0) 


n>oo noo A 


+ limsup f (IVl? z [Vunl) dx 
(n=0)\ By 


n—> Oo 


< lim sup f (IVuoo1? z |Vunl?) dx. (3.15) 
noo JB, 
On the other hand, the optimality of un gives 
O= lim & < tim sup f (IViinl? = |Vunl) dx. (3.16) 
1—> CO Br 


n->0o 


Finally, (3.14), (3.15), and (3.16) give 


nC 


0 < limsup f (Vus? = Vun?) ax + f |Vuool2 dx, 
: (n>0) 


which can be re-written as 


now 


liminf f Vin dx < f Vul ax + f |Vu%|? dx. 
B, Br {n>0} 


Now, since 7 is arbitrary, we finally obtain 


noo 


tim int f Vun?ax < f [Vuol dx, 
B, B, 


which concludes the proof of (i). 
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We now prove (ii). Let0 <r < R and ọ € Hy (B,). It is enough to show that 


f vuscPar = f IV (too + 9)? dx. (3.17) 
Br BR 


Let 7 : Br — R be a function that satisfies (3.13) and is such that the set M := 
{n < 1} is a ball strictly contained in Br. Notice that 


{p # 0} C B, C {n =0} CN = {n < 1} C Br, 
the last two inclusions being strict. We define the competitor 
Un = Un + 9 + (1 — n) (uœ — un), 


and we set for simplicity Ugo := Uoo + g. Now, since g = 0 on Br \ N, we have 
that: 


* Un = Voo On the set {n = 0}; 


e (3-17) is equivalentto | [Viola < f |V (uo + p)|? dx. 
N N 


Now, using the strong H! convergence of un in M, then the optimality of un and 
again the strong H! convergence from claim (i), we get 


f uwas = im f Vun]? dx < limint f IVunPax = f |Vvæl dx, 
N n—>œ N n—>œ N N 


which concludes the proof. oO 


Proposition 3.15 (Lipschitz Continuity of u) Suppose that the function u € 
H! (Bo) is such that: 


(a) u is non-negative in Bz and u(0) = 0; 
(b) u is harmonic in Qu, = {u > 0}; 
(c) u satisfies the minimality condition 
Falu) < Fa(v) forevery ve H! (Bo) 
such that u—v € Hy (B2) and u< vin B2. 


Then, there is a constant C4, depending only on A and d, such that 
lullo) < Ca. 


Proof Let u; € H!(B2) be a sequence of functions satisfying the hypotheses (a), 
(b) and (c) above. Suppose, that ug (0) = 0 and set mg := ||uk lre)» fork > 1. 
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Fig. 3.1 The two sets Wk 
and Qg = {ux > 0} 


For every k > 1, we define the set (see Fig. 3.1) 
: 1 
We = [x Bi : dist(x, (u =0)) < zt- xp}. 


Notice that, the set Wy and the function ug have the following properties: 


e Bis C We (this is due to the fact that ug (0) = 0); 

e ux is continuous on B1; 

e as a consequence of the previous points, we have that the maximum of ug on the 
(closed) set W, is achieved at a point x, € WM Bı and we have 


My := uk(xk) = max ug(x) > me. 
xEWR 


Let 2x := {uk > 0} and yk E€ Ng be the projection of xx 
on the (closed) set dQ, N Bı. By definition x € Wx, we have that 


i 1 
rk = |xk — Yel = dist(xk, ƏN) < zC — |xl). 
Thus, we get 
1 2 
[yk] < lee] + |xk — Yel < |x| + 3 = |x) = 1- 30 — |xx))- 


This implies that |y,| < 1 and 


2 1 
|yk| < 1 — 2rk and 3" = 30 — |ykl). 


Notice that the last inequality implies that B,„,/2(yk) C We. Indeed, for every x € 
Baja (Yk), we have 


1 
dist(x, 9N) < |x = Yel So 
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while 


=e Ga eal eS 
3 x =3 Yk 3% Yel = Tk g = alk 


In particular, we obtain that 


sup uz < Mx. (3.18) 
Brgj2 (Yk) 


On the other hand, the function ug is harmonic in B,, (xk) so, by the Harnack 
inequality, we get that 


(zk) = ur (Xk) — h : + 4 (3.19) 
u = where = —X, ma > . 
D Ca Ca a 8 gr 


and C4 > 1 is a dimensional constant. Now, (3.19) and (3.18) give 


Mk rk 
ra < uk(zk) < Ak < Mk where Ak := sup uk and Pk = ri 
d 


Bo, (Ye) 
Consider the function 


uk (yk + PRX) 


aia Uk (Zk) 


k 


and the point ¢ = HTE, We have that: 


(1) vx satisfies the minimality condition 


A|B| 


Fo(ug) < Folh) + Ee) ; 


for every ġ € H!(B2) such that vg — PE A; (B2) and vg < ¢ in Bo; 
(2) v (0) = 0 and the point ¢; € By is such that 


1 
Cl = 5° UK (SK) = 1 and sup vg < Ca vk(¢k) = Ca ; 


2 


(3) vg is harmonic in Bij(,) and in Qy,; 
(4) vg is non-negative and subharmonic in B2. 
Now, by Proposition 3.13, we have that the sequence vg is uniformly bounded in 
H! (Bı) and converges uniformly to a function væ in By. Thus, we have 


Voo (0) = 0 and Voo (Goo) = 1 and œ = Riu Ck. (3.20) 
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We will next prove that væ is harmonic in B1. Let k € N be fixed and let g : By > 
R be a non-negative function such that øg = vg on ð Bı. Then, since vg is harmonic 


in Qy,, we have 
f |Vu|? dx <f [V (uk A dx)? dx. 
Bı By 


On the other hand, the optimality condition (1) implies that 


A|B 
1 IVP ax < f vavao dx + At 
By By ux (Zk) 


Putting together these two estimates, we get 


2 2 A|Bo| 
[Vogl < |Vor| dx + €k where Ek = 
Bı Bı 


u? (zk) 


Now, since e — 0, by Proposition 3.14, we get that vg, is harmonic in B1. This is 


a contradiction with (3.20). 
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Chapter 4 A 
Non-degeneracy of the Local Minimizers yss 


In this section we prove the non-degeneracy of the solutions to the one-phase 
problem (2.1). Our main result is the following: 


Proposition 4.1 (Non-degeneracy of the Solutions: Alt-Caffarelli [3]) Suppose 
that D is a bounded open set in R? and u € H! (D) is non-negative and minimizes 
the functional F; in D, for some A > 0. Then, there is a constantk > 0, depending 
on A and d, such that the following claim holds: 


If B-(xo) C D and x€ Qu, then lull LB, (xp) Z Kr. 


The non-degeneracy holds in particular for functions satisfying the following 
optimality condition: 


Falu, Q) < Fa(v,2) forevery ve H! (Q) such that v < u. (4.1) 


For the sake of completeness, we notice that this optimality condition can also 
be expressed in a different way, at least when it comes to functions u, which are 
harmonic on their positivity set Q,. In fact, the following result is analogous to 
Lemma 3.3. Moreover, as in Lemma 3.3 (see Remark 3.4), we can suppose that all 
the test functions v in (4.1), (4.3) and (4.2) are non-negative. 


Lemma 4.2 Let D be a bounded open set in R? andu € H'(D) be a given non- 
negative function. Then the following are equivalent: 


(i) u satisfies the inwards minimality condition 


Falu, D) < Faluv, D) forevery ve H! (D) such that 


u—ve Hi(D) and Qu D% . 
(4.2) 
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(ii) u is harmonic in Q, in the following sense: 


f wuars f |Vv|? dx forevery ve H!(D) such that 
D D 


u — v € H! (RI) and u—v=0 a.e. in RT \ Qu, 
(4.3) 


and satisfies the minimality condition (4.1). 


Proof The implication (i) = (ii) is immediate. In fact, (4.2) implies both (4.3) 
and (4.1). In order to prove that (ii) implies (i), we suppose that u satisfies (4.3) 
and (4.1) and we consider a (non-negative) function v € H 1(D) such that u — v € 
Hy (D) and Qu C Qy. As in the proof of Lemma 3.3, we consider the test functions 
u ^v and u V v. Since u V v = 0 on D \ Qu, the harmonicity of u (4.3) implies that 


f wuars f |V (u V v)|? dx. 
D D 


On the other hand, we can use u A v as a test function in (4.2). Thus 
f uldx+ vical s f iva av? dx + Aun: 
D D 
Summing these inequalities and using that Qy = uav, we obtain 
af Vu? dz + Alul < f IvuvyPrax+ f |V (u A v)? dx + AlQuarv| 
D D D 
= IvuPax+ f |Vul? dx + All, 
D D 


which concludes the proof of (4.1). o 


Remark 4.3 (On the Terminology: Inwards Optimality and Subsolutions; Outwards 
Optimality and Supersolutions) We will often call the optimality conditions (4.2) 
and (3.1) inwards and outwards optimality condition, respectively. This is justified 
by the fact that the admissible test functions in (4.2) and (3.1) have positivity sets 
contained in or containing (2,. On the other hand, we will call (4.1) and (3.3) 
suboptimality condition and superoptimality condition, respectively, and the func- 
tions satisfying (4.1) and (3.3) will be called subsolutions and supersolutions. 
The terms inwards optimality and outwards optimality come from Geometric 
Analysis. The term subsolution was introduced in Shape Optimization by Bucur 
[8], originally to indicate inwards optimality with respect to shape functionals. The 
term supersolution appeared in the same context in several works (see for instance 
[51] and the references therein) to indicate outwards optimality. In the context of 
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the functional F4, it seems more appropriate to use the terms subsolution and 
supersolution, when the condition is on the test functions, and the terms inwards 
and outwards, when the condition is on their (superlevel) sets. Nevertheless, being 
partially justified by Lemmas 3.3 and 4.2, we will often abuse this terminology 
by using subsolution and inwards-minimizing, and supersolution and outwards- 
minimizing as synonyms. 


We will give two different proofs of the non-degeneracy. Lemma 4.4 is due to 
Alt and Caffarelli (see [3]), while Lemma 4.5 is due to David and Toro, it requires 
the function to be Lipschitz continuous, but the argument is more versatile and can 
be easily adapted, for instance, to the case of almost-minimizers of the functional 
Fa (see [19]). 


Lemma 4.4 (Non-degeneracy: Alt-Caffarelli) Let D C R? be a bounded open 
set. Suppose that u € H'(D) satisfies the condition (4.1) and let xo € D. If xo € 
Qa N D, then for every ball B, (xo) C D, we have that ||u||L~°(B,(x9)) = Aca r, 
where cq > 0 is a dimensional constant. 


Proof Without loss of generality we can suppose that x9 = O and that A = 1. For 
r > 0, let ¢, be the solution of 


Ad, =0 in By, \ B,, ġ-=0 on dB,, gr =1 on dBy,. 
Then we have ¢;(x) = ¢ (4/r), for every x € Bo, \ B,. We consider the function 
ii € H} (Q) defined by 


u(x), if x E€Q\ By, 
a(x) = u(x) A Mrr, if x € Bz \ Br, 
0, if xe B,, 


where M2, = ||u||7(B5,)- By the optimality of u in B2,, we have that 
F\(u, Bor) < Fi (u, Bor), 
which means that 
Filu, By) < Fu, Bor) — Fi (u, Bor \ Br) = Fi (ü, Bor \ Br) — Fi (u, Bar \ Br). 


Since {u > 0} = {u > 0} in B2; \ B,, we get that 


F\ (ii, Boy \ B-) — Fi (u, B2; \ By) =] |Viil? dx -f |Vul* dx, 
Bo, \ By Bo,\ Br 
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and so, we can estimate 


Fiu Bys f (Iva — Vu?) dx 
Bo, \ By 
<-| Vu- HP dx + | 2Viai- Vi — u) dx. 
Bo,\ By Bo,\ By 
Now, since 
f 2vi-Vi—w)dx = | 2Vu-Vlu—u)dx, 
Boy \ By {iAu}N Bo, \B,; 
by the definition of t, we obtain 
F\(u, By) < f 2M2,V oy - V(M2-o; — u) dx 
{u> Marbr }O Bar \ Br 


d-1 Mar d-1 
=2Ma | (Vøru dH dx =45"IVdiliscn) f udH dx. 
3B, 2r 3B, 


On the other hand, we have the following trace inequality 


1 
I udH?-! < Ca (/ Val ax += f nax) 
ƏB, B, r JB, 


2 M, M, 
< Ca f |Vu|? dx + Ipe |tu > O}N B,|) < Cy 1+ Fi (u, B,). 
B, 
Thus, if Fı (u, B,) > 0, then we have 


M,\ M 
1<ci(1+%4) 2a 


which gives the claim. o 


Lemma 4.5 (Non-degeneracy: David-Toro) Suppose that D C R? is a bounded 
open set andu : D — R is a non-negative Lipschitz continuous functions satisfying 
the optimality condition (4.1). Then, there is a constant ko > 0, depending on the 
dimension d, the Lipschitz constant L = ||Vu]||Lœ(p) and the constant A, such that: 


If x9€D and re (0, dist (xo, aD)) are such that f u dH”! < kor, 
ðB, (x0) 


then u=0 in B,g(xo). 
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Proof The proof is a consequence of the following three claims: 


Claim 1 Suppose that $ u dH! < kor. Then, 
a B; (xo) 


u<kır on Byp(xo) where k1 = 24ko. 


Claim 2 Suppose that u < kır on Byp(xo). Then, 


6L +9Kı 
— k 


A s 


|Qu N Br/(xo)| < K2|B,| where k= 


Claim 3 Suppose that (Qu N B- (x0)| < k2|B,| and lla lL (Br2(x0)) < «Kr. Then, 
for every yo € Brjg(xo), there is p € ["/4,/8] such that 


f u dH”! < K3 p where k3 = Bet kia. 
3 Bp (Y0) 


We first prove Claim |. Let h be the harmonic extension of u in the ball B, (xo). 
By the strong maximum principle, we have that u < h on B, (xo) (we notice that the 
optimality condition (4.1) trivially implies that the function u is subharmonic). On 
the other hand, the Poisson formula implies that 


r? — z u 
ro) = bE f O AHE) < or, 
dwar JaB,(x) Y — $l 


which gives Claim 1. 
In order to prove Claim 2, we consider the function @ € C3 (B,) such that 


O<<1 on B(x), G=1 on B(x, [Vol <3r7!. 


Consider the competitor v = (u — xir@)+. Then, the optimality of u in B, (xo) 
implies that 


A[Qy N Brp(xo)| = A|Quy N B,(xo)| 7 A[Qy N B,(xo)| = if 


Ivor a — f |Vul* dx 
By (xo) Br (xo) 


<f V= ire)? dx — | |Vul? dx 
B, (x0) B, (xo) 


< zeir f |Vul |Vo| dx + dr | |V| dx < (6xıL i 7) Br, 
B, (xo) B, (xo) 


which concludes the proof of Claim 2. 
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Let us now prove Claim 3. We first estimate 
/ udx < |u| LB) Ru N Br/2(xo)| < K1K2| B, Ir. 
Brj2 (x0) 


Now, taking yo € B,/s (xo), we have B,/4(y0) \ B-s (y0) C Br/2(xo), so there is p such 
that ”/8 < p < r/4 and 


d—1 8 ⁄ d—1 8 
f uan < f f udn as<* f udx 
ð Bp (y0) F Jr/s JƏBs(yo) r J Brj2(xo) 


< 8Kık2|B,| < 81tl kag", 


which concludes the proof of Claim 3. 
We are now in position to conclude the proof of the lemma. We first notice that 


aes es < grarsh + KO a 
A 
Choosing 
inf 4 1 - 
ko = inf | 1, ——————— } > 

0 ( L+ 1)274+8 

we get that k3 < xo. In particular, if £ u dH”! < kor, then for any 
0B; (x0) 
r r 

yo € Brys (xo) there is a sequence pj, j < 1, such that 3 <pi< ri and 
RÍ y, Pj d-1 ‘ 
© < pj < = and udH < Kop; for every jl. 
8 4 Bp; (v0) 
In particular, this implies that u = 0 in B,/s(xo), which proves the claim. o 
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Chapter 5 ® 
Measure and Dimension of the Free Geek for 
Boundary 


This chapter is dedicated to the measure theoretic structure of the free boundary 
ƏNu. The results presented here are mainly a consequence of the Lipschitz continu- 
ity and the non-degeneracy of the minimizer u (Theorem 3.1 and Proposition 4.1). 
The chapter is organized as follows: 


e Section 5.1. Density estimates for the domain Qu. 

This section is dedicated to the density estimate of Q, at the boundary ð Qu. 
The argument presented here is precisely the one from the original work of Alt 
and Caffarelli [3]. 

¢ Section 5.2. The positivity set Qy has finite perimeter. 

In this section we prove that the set ©, has (locally) finite perimeter in the 
sense of De Giorgi. We will use this result, together with the density estimate of 
the previous section in order to prove that the singular part of the free boundary 
has zero H7! Hausdorff measure. The proof that we give here is the local 
counterpart of an argument proposed by Bucur in [8] for estimating the perimeter 
of the optimal sets for the higher eigenvalues of the Dirichlet Laplacian. 

¢ Section 5.3. Hausdorff measure of the free boundary. 

In this section, we prove that the HI! measure of dQ, is (locally) finite. ! 
Our argument is very general and essentially uses the Lipschitz continuity and 
non-degeneracy of u and the fact that the optimality condition (4.1) implies that 
Q,, has a finite inner Minkowski content in a sense that will be specified below. 


' Notice that this is not the consequence of Sect. 5.2 as the finiteness of the (generalized) perimeter 
implies only that the H~! measure of the reduced boundary is finite. 
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66 5 Measure and Dimension of the Free Boundary 
5.1 Density Estimates for the Domain &, 


In this section, we prove that if u minimizes Fa in a set D C R7, then the set 
Qu = {u > 0} satisfies lower and upper (Lebesgue) density estimates at the bound- 
ary 0Q,. The result and the proof are due to Alt and Caffarelli [3]. 


Lemma 5.1 (Density Estimate) Let D C R? be a bounded open set. Let 
u: D — R be a non-negative function such that: 


(a) u is Lipschitz continuous and L := ||Vu||L=(D); 
(b) u is non-degenerate, that is, there is a constant ko > 0 such that 


f u dH! > kor forevery xo € DN IQ, 
ð B, (xo) 
and every r€ (0, dist(xo, aD)); 


(c) u is subharmonic in D; 
(d) there is A > 0 such that u satisfies the optimality condition (3.3), that is, 


Fa (u, D) < Fa(v, D) for every v€ H'\(D) such that v>u. 


There is a constant dg € (0, 1), depending on the dimension d, the Lipschitz constant 
L and the non-degeneracy constant kg, such that 


30 By | < [Qu N B,(xo)| < (L — 40) | B-l, (5.1) 


for every xo € D N 0Qy and everyr € (0, dist (xo, aD)). In particular, (5.1) holds 
for every local minimizer of Fa in D. 


Remark 5.2 Notice that the conditions (b) and (c) are fulfilled by any function 
satisfying the suboptimality condition (4.1). All the conditions (a), (b), (c) and (d) 
are satisfied for functions that minimize F; in an open set U containing the compact 
set D. 


Proof of Lemma 5.1 Without loss of generality we can suppose that xo = 0. 
We first prove the estimate by below in (5.1). Indeed, since 0 € Qu, the non- 
degeneracy condition (b) implies that ||u||z~©(B,.) = koz. Thus, there is a point 


y € By such that u(y) > K035. Now, the Lipschitz continuity of u implies that 
u > Oon the ball Bo (y), where p = : min | 1, |, and so, we get the first estimate 
in (5.1). 
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For the upper bound on the density, we consider the harmonic replacement h of u 
in the ball B,. Since u is subharmonic, we get that u < h in B,. Now, the optimality 
condition (3.1), implies that 


Alu =o) B,|> f Vuar- f Ivarax = Í |V(u — A)|? dx. 
B, B, B, 


By the Poincaré inequality on the ball B, we have that 


C C 
[ Wwa-wPare sf Ih — u|? dx > —4 
B, re JB, |B,| 


1 2 
(; I (h— u) dx) 
r B, 


The non-degeneracy of u now implies 
h(0) =f hdHi-! =f udH!—! > xor. 
ðB, ðB, 


By the Harnack inequality applied to h, there is a dimensional constant cg > 0 such 
that 


h> cakor intheball Bp, 
On the other hand, the Lipschitz continuity of u and the fact that u (0) = O give that 
u < Ler in the ball Ber. 


Choosing £ > 0 small enough such that caxo > 2e L, we get 


1 
(h —u)dx > (h — u) dx > =ca Kor |Ber|, 
B, Ber 2 


which concludes the proof. o 


5.2 The Positivity set &,, Has Finite Perimeter 


In this section we prove that the (generalized) perimeter of Q is locally finite in D. 
In particular, this means that Q, has locally finite perimeter. The proof that we give 
here was already generalized in two different contexts: for the vectorial Bernoulli 
problem (see [42]) and for a shape optimization problem with drift (see [46]). In 
fact, our proof is inspired by the global argument of Bucur (see [8]) used in the 
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context of a shape optimization problem in R@. The main result of this subsection is 
the following: 


Proposition 5.3 (Inwards-Minimizing Sets Have Locally Finite Perimeter) 
Suppose that D is a bounded open set in R? and that u € H'(D) is non-negative 
and satisfies the following minimality condition: 


Fa (u, D) < Fa(v,D) forevery ve H! (D)) such that v < u in D 


andu — v € Hy (D). 


Then 2, has locally finite perimeter in D. 


As a direct consequence, we obtain that the support Q,, of a minimizer u of Fa 
has locally finite perimeter. 


Corollary 5.4 (Minimizers have Locally Finite Perimeter) Suppose that D is 
a bounded open set in R? and that the non-negative function u € H!(D) is a 
minimizer of Fa in D. Then Q, has locally finite perimeter in D. 


We divide the proof of Proposition 5.3 in two main steps: Lemmas 5.5 and 5.6. 
Lemma 5.5 is a sufficient condition for the local finiteness of the perimeter of a 
super-level set of a Sobolev function, while in Lemma 5.6, we will show that the 
subsolutions satisfy this condition. The conclusion of the proof of Proposition 5.3 is 
given at the end of the subsection. 


Lemma 5.5 Suppose that D C R¢ is an open set and that ọ : D —> [0, +œ] is a 
function in H! (D) for which there exist € > 0 and C > 0 such that 


/ |V| dx + A|{(0<¢ <e}ND| < Ce, forevery 0<eé<é. 
{0<@<e}ND 
(5.2) 


Then, Per ({ġ > 0};D) < CVA. 


Proof By the co-area formula, the Cauchy-Schwarz inequality and (5.2), we have 
that, for every € < €, 


[asna f |Vd| dx 
0 {0<p<e}ND 


<|(0<# sein o|"(f 


1 
Vol? dx) eed 
{0<d@<e}ND 


Taking £ = !/n, we get that there is ôn € [0, !/n] such that 


Vn 
H! (a* fp > bn} ND) < af HT! ({ =t} N D) dt < CVA. 
0 
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Passing to the limit as n — ov, we obtain 
HT! (a*{ġ > O}ND) < CVA, 


which concludes the proof of the lemma. o 


Lemma 5.6 Suppose thatu € H 1 (B2, (x0)) is non-negative and satisfies the 
following minimality condition in the ball B2, (xo) C Rf: 


1 v<u in Bo,(xo), 
Falu) < Fav) forevery ve H (Bz (x0)) such that 
u=v on 0B>o,-(x0). 


Then, there exists a constant C > 0 such that 


f |Vuļ? dx + A|{0 < u < £} N B, (xo)| < Ce 
{O<us<e}NB,; (xo) 
for every 0<e<l. (5.3) 


Precisely, one can take 
= —1 —2 
C = Ca (Vel agen +77)» 


where C4 is a dimensional constant. 


Proof We fix a function ġ € C® (RT ) such that 

ġ¢=0 in B, and g=1 in R¢@\ By. 
For a fixed £ > 0 we consider the functions 

Ug = (u — €)+ and Ue = pu + (1 — h)ue. 
We now calculate | Vil, 7 in the ball B,;. 


Vitel? = Locu<ey|V (Ud) |? + Lurey|V(u — e(l — 6)" 


< locu<eyG™|Vul? + Mure Vul? 


+ e Lyocuse)(2|VullV6l + lV?) + £ Luse) (21VullYg] + elV6l). 
Now setting 


C= 2\|Vullr2z,) IV Ollz2¢2,,) A IVl cB) 
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and using the optimality of u, we get 
0> f |Vu|? dx -f |Vite|* dx + |{u > 0} N Bæ | — |{ue > 0}N Bz | 

Bor Boy 

= i |Vul* dx -f |Vite|* dx + |{0 <u < £} N B,| 
Ba; Ba; 

>f (1 — $?)|Vul? dx + |{0 < u < £} N B,| — Ce 
{0<u<e}N B2; 

> | |Vu|? dx + |{0 <u <e}NB,|—Ce, 
{O<u<e}NB,- 


which concludes the proof. o 


Proof of Proposition 5.3 Lemma 5.6 implies that (5.3) does hold. By Lemma 5.5, 
we obtain that the perimeter is locally bounded. Precisely, 


Per (Qu; Bra (x0)) < C for every B,(xo) C D, 
where C depends onr, A and d. o 


5.3 Hausdorff Measure of the Free Boundary 


In this section we prove that the (d — 1)—dimensional Hausdorff measure of 9 Qy is 
locally finite in D. In particular, this means that 9, has locally finite perimeter and 
so, we recover Proposition 5.3. We will use the Lipschitz continuity and the non- 
degeneracy of the solution, as well as, the inner Hausdorff content estimate (5.4), 
which is a consequence of Lemma 5.6. This is a very general result, which may find 
application to different free boundary problems (see for instance [42]). 


Proposition 5.7 Let D C R¢@ be a bounded open set and u : D > R a Lipschitz 
continuous function such that: 


(a) u is non-degenerate, that is, there is a constants c > 0 such that 


sup u > cr forevery xo E€9Qu ND andevery 0 <r < dist(xo, ðD). 
B; (xo) 


(b) u satisfies the following (sub-)minimality condition: 
Falu, D) < Faw, D) forevery ve H! (D) such that v < u in D 


andu — v € HÈ (D). 


Then, for every compact set K C Q, we have HI!(K N ðNRu) < o. 
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As an immediate corollary, we obtain: 


Corollary 5.8 (Hausdorff Measure of the Free Boundary) Let D be a bounded 
open set in R? and the non-negative function u € H'(D) be a minimizer of Fn in 
D. Then, for every compact set K C D, we have H4-!(K N 8Qy) < o. 


The proof of Proposition 5.7 is a consequence of Lemma 5.6 and the following 
lemma. 


Lemma 5.9 Let D C RÌ be an open set and u : D —> R a Lipschitz continuous 
function such that: 


(a) u is non-degenerate, that is, there is a constants c > 0 such that 


sup u > cr forevery x9 € 0Qy,0D andevery 0 <r < dist(xo, 0D). 
B, (xo) 


(b) there is a constant C > Q such that u satisfies the estimate 


{O0<u<e}ND|<Ce forevery e>0. (5.4) 


Then, for every compact set K C Q, we have H4-!(K N AQy) < o. 


Proof Let us first recall that, for every ô > 0 and every A C Rf, 


CO 
rå- : for every B;; (xj) such that U B;; (xj) D A andrj < 8}. 
j=l j=l 


Me 


HII (A) < wa inf] 


and 
HIA) = lim H5 (A). 


Let 6 > 0 be fixed and let {BaL be a covering of K N Qu such that 
xj € 08, for every j = 1,...,n and the balls Bss(x;) are disjoint. The non- 
degeneracy of u implies that, in every ball Bs/o(xj) there is a point y; such that 
u(yj) = ©/10. The Lipschitz continuity of u implies that Bes/ioz (yj) C Qu, where 
L = max{1, ||Vu]||zæ}. On the other hand, since u(x;) = 0, we have that 


cê cô cô 
u < L| — +2) =(L+ AT on — Besor (yj): 


This implies that the balls Besjior (yj), j = 1,..., N, are disjoint and contained in 
the set fo <u<(L+ Is}. Now, the estimate from point (b) implies that 


d sd 


N 
cô LASS ô 
c+ 3 (Bano (vj) Z Noa Tagga’ 
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which implies that 


1 d—1 


N dwa! < dC = 
C 


LÎ(L +1). 


Since, the right-hand side does not depend on ô, we get that 


1 d—1 


: 0 
HEN K A 8Qy) < dC 


L4(L +1). 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Chapter 6 A 
Blow-Up Sequences and Blow-Up Limits gsti 


Let D be an open set in R? and u : D —> R be a (non-negative) local minimizer of 
Fa in D. Recall that, by Theorem 3.1, we have that u is locally Lipschitz continuous 
in D. Let xo € Nu N D be a given point on the free boundary. For every r > 0, we 
define the rescaled function 


1 
Uxor (x) = zro +rx). 
Let (ran)n>1 be a vanishing sequence of positive numbers. We say that the sequence 
of functions U xọ,r, is a blow-up sequence. We notice that ux,,,,, is not defined on the 


entire R? (since a priori we might have that D 4 R®), its domain of definition being 
the set 


1 d 
—(—x9 + D) := fx eR : xo +rx € D}. 
F 


On the other hand, since r, converges to zero, for every fixed R > 0, there exists 
m > O such that, for every n > m, Uxg,r, is defined on Br, that is, 


Bre =w + D). 
Now since, 
Vuxo.r,(X) = Vu(xo+rx) forevery x € Br, 
we have that 


I[Vitxorn lLO CBr = Vull Le Br, 0) 
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Since u is locally Lipschitz continuous and u(xo) = 0, we get that the sequence 
Uxo,r, is uniformly bounded and equicontinuous on Br. Thus, by the Theorem 
of Ascoli-Arzela, we obtain that there is a subsequence of uxo,r, that converges 
uniformly in the ball Bg. Repeating this argument for every (natural number) R > 0 
and extracting a diagonal sequence, we get that there exists a function ug : R? > R 
such that, for every R > 0, the sequence u xg,r, converges uniformly to uo in Br, 


lim ||uxor, — Uolle~(Br) =9 forevery R> 0. (6.1) 
n—-> oo 


Definition 6.1 (Blow-Up Limit) We will say that the function uo : R? > Risa 
blow-up limit of u at xo if (6.1) does hold. 


We notice that every blow-up limit uo of a local minimizer u of Fa is non-negative, 
Lipschitz continuous (in R@) and vanishes in zero. We also stress that there might be 
numerous blow-up limits, each one depending on the choice of the (sub-)sequence 
Uxo,r,- If this is the case, then we simply say that the blow-up limit is not unique. 
For instance, the function @ : Bı — R defined in polar coordinates as (see Fig. 6.1) 


$(p,9) = p max{0, cos(@ + In p)} 


has infinitely many blow-up limits in zero (but it is not a local minimizer of the 
functional Fa). We will denote the family of all blow-up limits of u at xo by 
Bu,,(xo). The classification of all the possible blow-up limits and the uniqueness 
of the blow-up limit at a given point x9 € dQ, are both central questions in the free 
boundary regularity theory, which do not have a complete answer yet. 

In this chapter we will decompose the free boundary into a regular and singular 
parts according to the structure of the space of blow-up limits at the points of dQ,. 
The Sects. 6.1, 6.2, and 6.3 are dedicated to the proof of the following result. 


Proposition 6.2 (Convergence of the Blow-Up Sequences) Let D be an open 
subset of R? and letu : D > R be non-negative, u € HL (D) and a local 
minimizer of Fa in D. Let x9 € AQy O D and let rn + 0 be a vanishing sequence 
of positive real numbers such that the blow-up sequence uxo r, converges locally 


Fig. 6.1 Example of a 
(Lipschitz) function with 
infinitely many blow-up 
limits in zero 
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uniformly to the blow-up limit ug : R? —> R in the sense of (6.1). Then, there is a 
subsequence such that, for every R > 0, we have: 


(i) the sequence uxy,r, converges to ug strongly in H! (Bp); 
(ii) the sequence of characteristic functions 1g, converges to 1g, in L! (Br), 
where 


Qh := {Uxo,r, > 0} and Qo := {uo > 0}; 


(iii) the sequence of sets Qn converges locally Hausdorff in Br to Qo; 
(iv) ug is a non-trivial local minimizer of Fa in RI. 


In particular, Sect.6.1 is dedicated to the strong convergence of the blow-up 
sequences (claims (i) and (ii)) and the optimality of the blow-up limits (claim 
(iv)); the main result of this section (Lemma 6.3) is more general and will also 
be used in the proof of Theorem 1.9. Section 6.2 is dedicated to the local Hausdorff 
convergence of the free boundaries (claim (iii)); the results of this section apply 
both to Theorem 1.2 and Theorem 1.9. In Sect.6.3, we conclude the proof of 
Proposition 6.2. 

In Sect.6.4, we define the regular part Reg(dQ,) and the singular part 
Sing(dQ,) of the free boundary. Moreover, we prove that the singular set 
Sing(0Q,) has zero (d — 1)-dimensional Hausdorff measure (Proposition 6.12). 
We notice that this result applies to Theorems 1.2, 1.4, and 1.9, but is interesting 
only for Theorem 1.2, in which we do not make use of monotonicity formulas. In 
fact, in Sect. 10, we will obtain better estimates on the dimension of the singular 
set by means of the Weiss’ monotonicity formula, which we will apply to both 
Theorem 1.4 and Theorem 1.9. 


6.1 Convergence of Local Minimizers 


In this section we prove the strong convergence of the blow-up sequences and the 
minimality of the blow-up limits at every point of the free boundary of a local 
minimizer. Our result (Lemma 6.3) is more general and applies also to other free 
boundary problems; for instance, we will use it in the proof of Theorem 1.9. 


Lemma 6.3 Let A > 0 be a given constant, Br C R? and Un € H! (Br) bea 
sequence of non-negative functions such that: 


(a) every un is a local minimizer of Fa in Br or, more generally, satisfies 
Fa(un, BR) < Fa (un +, BR)+€n forevery ge HA (Br) andevery r<R, 


where €n is a vanishing sequence of positive constants. 


76 6 Blow-Up Sequences and Blow-Up Limits 


(b) the sequence un is uniformly bounded in H! (Bp), that is, for some constant 
C>0, 


2 2 
py) = Fons Ba) + ff u dx <C for every n>l. 
Then, there is a function ux € H! (Bp) such that, up to a subsequence, we have 


(i) un converges to uœ strongly in H'(B,), for every 0 <r < R; 
(ii) the sequence of characteristic functions 1 {y,,+0, converges to Lius >0} strongly 
in L'(B,) and pointwise almost-everywhere in B,, for every 0 < r < R; 
(iii) Ugo is a local minimizer of Fa in Br. 


Proof The idea of the proof is very similar to the one in Lemma 3.14, but is more 
involved due to the presence of the measure term. Up to extracting a subsequence, 
we can suppose that the sequence u,, converges to a function uoo € H!(Br) weakly 
in H (Br), strongly in L?(Br) and pointwise (Lebesgue) almost-everywhere in 
Br. We set for simplicity 
Qn = {un > 0} and Qo = {Uo > O}. 
The weak H!-convergence implies that for every 0 <r < R 
I|Vitoolln2¢B,) < lim inf || Vun || 22(8,)» (6.2) 
with an equality, if and only if, (up to a subsequence) the convergence is strong in 
B, . On the other hand, the pointwise convergence of un implies that for almost-every 
x € Br 
x E Q% > Uo(x) > 0 => un(x) > 0 forlargen > x € Qn for large n. 
In particular, this implies that 
le, < liminflg,, 
n> Co 
and so, by the Fatou Lemma, for every 0 < r < R, we have 
IQ% N B,| < liminf |2, N B,|, (6.3) 
n—> o0 
with an equality, if and only if, (again, up to a subsequence) 1g, converges strongly 


to 1g, in L'(B,). Notice that, up to extracting a subsequence we may assume that 
the limits in the right-hand sides of (6.3) and (6.2) do exist. 
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In order to prove (i) and (ii), it is sufficient to prove that, for fixed 0 < r < R, 
we have 


|Vtoollz2¢g,) = lim inf || Vun || 228, and — [Q N B,| = liminf [Qn N B,|. 
(6.4) 


Let 7 : Br — R be a function such that 


ne C%P(Brh), O<n<1 in Br, n=1 on ABR, n=0 on B,. 
(6.5) 


Consider the test function än = Nun + (1 — 1)uo. Since uy, is a local minimizer for 
Fa in Br, and since un = ün on OBR, we have Fa (un, Br) < Fa (Ùn, BR) + En, 
that is, 


o< f Vii dx — f |Vun|? dx + A|Qn N Bri — A|2n N Bri + £n, 
Br Br 


where we have set Qn := {ün > 0}. We first estimate 


lQn N BR| — [Qn N Bal = [Qn N {n = O} — |Qn N {n =O} 

+ [Qn N {n > O} — [QnA {n > OF 

= [2N {n = OF] = [2n N {n = 0} 

+ |(Qn U Qo) N {7 > O} = [Qn N {n > OF 
< [Ro N {1 = OH = [Qn {n = OF] — [fn > OF. 


By the Fatou Lemma on the set {n = 0} \ B,, we have that 
[Ro N {n = 0} \ Br] < lim inf |Qn N {n = 0} \ Bl, 
and so, we get 
lim sup (In NBr] -2n NBR!) < lim sup (|20 Br| -|2 Br) In >O}. (6.6) 
We next calculate 


a 2: 
|Viin|? — |Vueal? = |V un + (1 — #00) | — [Vun]? 


2 
= |(un — Uo) Vn + NVun + (1 = 1) Vutoo|” — |Vurnl?. 
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Now since un — uo Strongly in L?(Br), we have that 


lim sup (IVinl? = [Vunl?) dx 


n—>co JBR 


= limsup (|(un — uc) Vn + nVun + (1 = n)Vuo|? — |Vuinl”) dx 


n—>œ JBr 


= lim sup (o? — 1)|Vun |? +201 — n)Vun - Vitoo + (1 — n)? [Vuco]? ) dx 


noo JBR 


= lim sup (1 — n’) (Ivu? — |Vunl?) dx 


n—>co JBr 
: 2 2 2 

< im sup [ (Ivu — |Vunl Ja f |Vutoo|2 dx. 
noo J{n=0} Br\{n=0} 


By the weak H! convergence of un to uoo on the set {n = 0} \ B,, we have 


limsup f (IViin? = [Vun[?) dx < tim sup f (Vito? = |Vuinl?) dx +f |Vuloo|2 dx. 
BR B, 


noo n—>oo {n>O} 


This estimate, together with (6.6) and the minimality of uy, gives 
lim inf F4 (un, By) = timint f |Vun|2 dx + A|Qn N B;| 
nC nC B, 


<f [Vuo]? dx + Aloo N Br + f |Vuœ]|? dx + Al{n > 0} 
r {n>0} 


eons +f [Vuool2dx + Alfy > O). 
{n>0} 


Since 7 is arbitrary, we finally obtain 


lim inf F4 (uy, B,) < Fa (Uoo, B,), 
n—->Co 


which implies (6.4) and, as a consequence, the claims (i) and (ii). 
We now prove (iii). LetO < r < R and ọ € HÈ (B,). We will show that 


F'n (Uoo, Br) < Fa (Uo + o, Br). (6.7) 
In order to prove(6.7), we will use the optimality of un and we will pass to the 
limit. We notice that, for a fixed n > 1, the natural competitor is simply u, + @. 


Unfortunately, we cannot follow this strategy since we do NOT a priori know that 


lim |{un +9 > O}] = [fuo + 9 > O}]. 
nC 
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Thus, we consider a function 7 : Br — R that satisfies (6.5) and is such that the 
set NV := {n < 1} is a ball strictly contained in Br. Precisely, we have that the 
following inclusions do hold: 

{p # 0} C B, C {n =0} CN = {n < 1} C Br, 
the last two inclusions being strict. We define the competitor 


Un = Un + + (1 — n)(uæ — Un), 


and we set for simplicity Ugo := Uoo + ọ. Now, since g = 0 on Br \ N, we have 
that v, = væ on the set {7 = 0} and (6.7) is equivalent to 


Fa (co, N) < Fa (wo, N). (6.8) 
By the points (i) and (ii), we have that 


Fa Uo, N) = lim Fa (un, N). 
n> 
The optimality of un and the strong H! convergence of un to Ugo in N give 


lim Fa (un, N) < liminf F4 (vn, N) = f |[Vuoo|? dx + A liminf {un > 0} ANI. 
n> oo n—->Co N noo 
(6.9) 


Moreover, since 
Un = V% onthe set {n = 0}, 
we have 


{Un > OFAN] = [fun > 03.9 {n = O}] + {un > OF {0 <n < 1} 
< Ivo > OFAN] + {0 <n <1}, 


which, together with (6.9) and (6.8), gives 


Falo N) = lim Fra Wn N) < Fa WN) +0 <9 < 1). 


Now, since the set {0 < 7 < 1} is arbitratry, we get (6.8) and so, the claim (iii). o 
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6.2 Convergence of the Free Boundary 


This section is dedicated to the proof of Proposition 6.2 (iii). In particular, we define 
the notion of local Hausdorff convergence (see Definition 6.4 below) and we prove 
several results, which are general and can be used in the context of different free 
boundary problems. 


Definition 6.4 (Local Hausdorff Convergence) Suppose that Xn is a sequence of 
closed sets in R? and Q is an open subset of R. We say that X, converges locally 
Hausdorff in Q to (the closed set) X, if for every compact set K C Q and every 
open set U, such that £ CU C Q, we have 


lim dist czy(Xn, X) = 0, 
n—> oo 
where, for any pair of closed subset X, Y of Q, we define 


distu (X, Y) := max { max dist(x,Y NU), max dist (y, X NW} 
, xEXNK yeynk 


Lemma 6.5 (Hausdorff Convergence of the Supports) Let Br be the ball of 
radius R in R¢. Let un : Bor —> R be a sequence of continuous non-negative 
functions such that: 


(a) Un converges uniformly in Bzg to the continuous non-negative function ug : 
Bor > R; 
(b) un is uniformly non-degenerate, that is, there is a strictly increasing function 


@ : [0, +00) > [0, +00), 
such that @(0) = 0 and 


llun || Lœ(B,(x0)) >w(r) forevery x9 € Qu, Bsrp », r e(0,R/2) and nen. 


Then the sequence of closed sets Qu, converges locally Hausdorff in Br to Quo- 


Proof We first prove the non-degeneracy of uo. Suppose that x € Qu, N Br and 
r < 8/2, Then, there is y € B(x) such that uo(y) > 0 and so, for n large enough 
we have that un (y) > 0. By the non-degeneracy of un, there is a point zn € B-a) 
such that Un(Zn) = w("/2). Up to a subsequence zn converges to some z € Br/2(y). 
By the uniform convergence of un we have 


wo(z) = lim un (En) = @(7/2), 
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which proves that 
luollL=(B œ) = @(/2) forevery x € Qu, NBr andevery r <R/2. 


We can now prove the local Hausdorff convergence of Qu, to Quo- Let K C Br be 
a given compact set and U C Bp be an open set containing K. Let ô > 0 be the 
distance from K to the boundary of U. We reason by contradiction. Indeed, suppose 
that there is € > O such that dist xu Qun» uo) > e. Then, up to extracting a 
subsequence, we can assume that one of the following does hold: 


(1) There is a sequence (xn)n such that 
Xn € Qu, OK and dist (xn, Qu NU) = €. 
(2) There is a sequence (xn)n such that 


Xn € Qio NK and dist (On, iin NU) >e. 


Moreover, we can assume that 0 < € < ô. 

Suppose that (1) holds. Since x, € Qu, we have that there is yn € Bej (xn) CU 
such that un (yn) > @(é/2). On the other hand, (1) implies that uo(yn) = 0, in 
contradiction with the uniform convergence of un to uo. 

Suppose that (2) holds. By the non-degeneracy of ug we have that there is 
Yn € Bep(xn) C U such that uo(yn) = @(é/4). On the other hand un(yn) = 0, 
in contradiction with the uniform convergence of u, to ug. oO 


Lemma 6.6 (Hausdorff Convergence of the Zero Level Sets) Let Br be the ball 
of radius R in RÌ. Let un : Bor —> R be a sequence of continuous non-negative 
functions such that: 


(a) Un converges uniformly in Bor to the continuous non-negative function 
uo : Bor > R; 
(b) un(0) = 0 and un satisfies the following uniform growth condition: 


Un(x) > o(dist (x, {Un = O}MB2p)) for every xOMBr and every neN, 


where w : [0,+00) — [0,+00) is a strictly increasing function such that 
o0) = 0. 


Then the sequence of closed sets {un = 0} converges locally Hausdorff in Br to 
{uo = 0}. 
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Proof Let K C Br be a compact set and let Y C Br be an open set containing K. 
Let ô > 0 be the distance from K to the boundary ðU. We reason by contradiction 
and we suppose that there is € € (0,5) such that 


dist cz ({un = 0}, {wo = 0}) > €. 


Then, up to a subsequence, we have one of the following possibilities: 


(1) There is a sequence (xn)n such that 
Xn E€ {un =O}NK and dist(xy, {uo = 0} NU) = €. 
(2) There is a sequence (xn)n such that 


Xn € {u0 =0} AK and dist(xn, {un =O} NU) >e. 


Suppose first that (1) holds. Up to extracting a subsequence, we can suppose that 
Xn converges to xo € K. By the uniform convergence of un and the continuity of uo, 
we have 


Un (x0) < Un (Xn) + Mon) — Un (Xn)| + [uo (x0) — uo (xXn)| + [Un (x0) — Uo(Xo)| > 0. 


Passing to the limit as n —> oo, we get that uo(xọ) = 0, which is a contradiction 
since 


dist (xo, {uo = 0} OU) > lim dist (xn, {uo = 0} N U) = €. 
-rpo 


Suppose now that (2) holds. Now, let y, be the point in Bzr N {un = 0} that 
realizes the distance from xp to this set. There are two possibilities: 


e yn E Bor \ U. In this case, we have |xn — yn| > ô. 
e y, E U. Then, we have dist(xn, {un = 0} OU) = |Xn — yn| = €. 


In both cases, we have that |x, — yn| > ¢. By the uniform growth condition (b), we 
have 


Un(Xn) 2 @(Xn — ynl) 2 (e), 


which is a contradiction with the uniform convergence of uy to uo. oO 
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Lemma 6.7 (Hausdorff Convergence of the Free Boundaries) Let Br be the ball 
of radius R in RT. Let un : Bor > R bea sequence of continuous non-negative 
functions and ug : Bor — R be a continuous non-negative function such that: 


(a) the sequence Qu, converges locally Hausdorff in Br to Quo; 
(b) the sequence {un = 0} converges locally Hausdorff in Br to {uo = 0}. 


Then, 02y,, converges locally Hausdorff in Br to 0Quo. 
Proof Let K C Br be a fixed compact set and U C Br be a given open set. Let 
ô > 0 be the distance between K and 3U. Let e € (0, ô) be fixed. 

Let xo € Nuo N K. By the Hausdorff convergence of Qun and {un = 0}, we get 
that, for n large enough, there are points 

Yn € Qu, NU and Zn € {un = OF} NY, 
such that 
|xo — Yn| < € and |xo — Zn| < €. 

Since un is continuous, there is a point w, on the segment [yn, Zn] such that 
Wn E OQy,. Moreover, by construction wn € Bs (xo) C U. Since xo is arbitrary, we 


get that 


max dist (x, dQy, NU) < €. 
XEIRuN K 


Conversely, let xn € ƏNQu, N K be fixed. Using again the Hausdorff convergence of 


Qu, and {un = 0}, we get that, for n large enough, there are points 
yo € Quy N U and zo € {uo = 0} N U, 
such that 
|Xn — yol < € and |xn — Zo| < €. 


Now, by the continuity of uo, we get that there is a point wo on the segment [yo, zo] 
such that wo € OQw,) N Be (xn). Since x, is arbitrary, we get 


max dist (x, 0Qu, NU) <€, 
XEIQUANK 


which concludes the proof. o 
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6.3 Proof of Proposition 6.2 


By the local Lipschitz continuity of u, we have that for any fixed R > 0, the 
sequence Un = Uyo,r, is uniformly bounded in H '(Br). Thus, applying Lemma 6.3, 
we get at once the claims (i), (ii) and (iv) of Proposition 6.2. We notice that the fact 
that the blow-up limit is non-trivial (up = 0) follows by the non-degeneracy of u, 
which assures that for every n > N and every R > 0, there is a point x, € Br 
such that uxor, (Xn) = K, where « is a constant that depends only on A and the 
dimension d. The Hausdorff convergence of the free boundary (Proposition 6.2 
(iii) follows by Lemma 6.5; Lemma 6.6 and finally, by Lemma 6.7. Notice that 
the non-degeneracy condition of Lemma 6.5 follows by Proposition 4.1, while the 
uniform growth condition of Lemma 6.6 is a consequence of the following lemma 
(Lemma 6.8). 


Lemma 6.8 Letu : Bor — R be a continuous non-negative function such that: 
(1) u(0) = 0; 
(2) u satisfies the following non-degeneracy condition: 
lulln~(B.~@9)) = kr forevery xe Qu NBr and every r€(0,R), 
for some given constant k > 0; 
(3) u is harmonic in Qu N Bor. 


Then, u satisfies the following growth condition: 


K 
u(x) Z SI 


dist (x, {u = 0} N Bor) forevery x€ Br. 
Proof Suppose that xo € Qy N Br and let yo € Nu N Bor be such that 
r := |xo — yo| = dist (xo, {u = 0} N Bop). 

Then, the non-degeneracy of u implies that there is a point zo € B,/2(xo) at which 

(zo) > ee 

u k~. 

z0) Z 5 

Now, since u is harmonic in Q,,, we get 


J nee 
u(x) dx = |Brp|u(zo) = —T—. 
Br/2 (Zo) oer 
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Since u is non-negative and harmonic in B, (xo) , we have that 


d+1 
K @d r 
—— u(x)dx > u(x) dx > ———_—._ = —r, 
|Br| JB,(xo) |B| J Brazo) œar! 2d+1  2d+1 


K 


u(xo) = 


which concludes the proof. o 


As an immediate corollary, we obtain the following well-known result (see for 
instance [3]), which we give here for the sake of completeness. 


Corollary 6.9 Suppose that u is a (non-negative) minimizer of Fa in the ball 
Bor C R? such that u(0) = 0. Then, there are constants Cı and C2, depending 
only on A and d, such that the following inequality does hold: 


Cı dist (x, {u = O}N Bar) < u(x) < C2 dist (x, {u =O}NBor) forevery x € Br. 


Proof The first inequality follows by Lemma 6.8, while the second one is due to 
the Lipschitz continuity of u (see Theorem 3.1). o 


6.4 Regular and Singular Parts of the Free Boundary 


In this section, we define the regular and the singular parts of the free boundary. 


We notice that we will use exactly the same definition of regular and singular parts in 
Theorems 1.2, 1.4, 1.9 and 1.10. 


Let D be a bounded open set in R? and let u : D —> R be a non-negative 
continuous function (in particular, one can take u to be a minimizer of F, in D). 
Let xo be a fixed point on the free boundary dQ, N D, where Qy = {u > 0}. 


Definition 6.10 (Decomposition of the Free Boundary) We say that xo is a 
regular point if there exists a blow-up limit uo of u at xo (see Definition 6.1) of 
the form 


ug(x) = JK (x -v)4 forevery x€ RI, 


for some unit vector v € R7. We will denote the set of all regular points 
xo € Qu N D by Reg(ð Qu), and we define the singular part of the free boundary 
as 


Sing (dQy) = Ou N D) \ Regu). 
In Chap. 8, we will prove that Reg(dQ,) is an open subset of JQ, and is a C!®- 


regular surface in Rf. In this section, we will prove that the reduced boundary 0*Q, 
is actually a subset of the regular part Reg(dQ,) and (as a consequence) that the 
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singular set is small. Precisely, we will show that 
HT! (Sing(8Qy)) = 0. 


We start with the following lemma. 


Lemma 6.11 Let D be a bounded open set in R? and u be a minimizer of Fa in 
D. Let xo € OQ, D be a free boundary point, for which there exists a unit vector 
v € R? anda vanishing sequence r, — 0 such that 


le, > la, in Br forevery R>O, (6.10) 


where Qn := > (—x0+Qu) and H, := {x € R? : x-v > O}. Then, xo € Reg(dQy). 


Proof Let uy be the blow-up sequence 


1 
Un(X) = Uxo, rn (x) = z ue + rnx). 
n 


Notice that Q, = {un > 0}. By Proposition 6.2, we have that, up to a subsequence 
and for every R > 0, un converges locally uniformly in Br and strongly in H! toa 
function ug, which is a non-negative Lipschitz continuous global minimizer of F, in 
R7. Moreover, we have that the sequence of characteristic functions 1g, converges 
in L!(Br) to Lou: In particular, this implies that Q,, = H, almost everywhere. 
Now, the minimality of uo and the fact that |{uo = 0} M H,| = 0 implies that uo is 
harmonic in H,. By the maximum principle, we get that Qu = Hy. Thus, uo is C° 
smooth up to the boundary ð H, (where it vanishes). 
We will next prove that 


Vug =VAv on OA). 


Indeed, suppose that this is not the case. Then, there are two possibilities: 


(1) there is a point y € ð H, such that Vuo = Av for some A > VA; 
(2) there is a point y € 0A, such that Vuo = Bv for some 0 < B < VA, 


Suppose that (1) holds. Let h;,r be the radial solution from Proposition 2.15, where 
r is large enough and R = R(r) is uniquely determined by r. Recall that: 


r<R, lim |R-(r+1)|=0, {Ayr >0}=Br, 
roo 


hyr=1 on B, and |[Vhyr| = 1+o00) on Br \ B,. 
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Moreover, the function VA h, R is a local minimizer of Fa in RI \ B,. Let y, € R7 
be such that the ball Br(y,) is contained in H, and is tangent to 9 H, at y. Letr > 0 
be fixed and such that 


1 A 
IVh rl < 5 +e. 


2A 
Then, there is € > 0 small enough, for which the function 
h(x) := VA h, R(x + £v) 


satisfies the following conditions: 


e the support of Å is not entirely contained in Hy, that is, {h > 0}N {up = 0} Æ Ø; 
e h > uo only in a small neighborhood of y, precisely, {h > uo} C Bip (y). 


Next, we notice that both h and ug are minimizers of F, in B := Bi(y). Since, by 
construction uo > h on OB, we get that 


Fath, B) < Fy (uo A^ h, B) and Fa(uo, B) < Fa (uo V Ì, B). (6.11) 
On the other hand, 
Fa (h, B) + Fa (uo, B) = Fa (uo Ah, B) + Fa (uo V h, B), 


which means that both the inequalities in (6.11) are equalities and that both the 
functions h A ug and hv ug are minimizers of F; in B. For instance, this means that 
ħ v uo is harmonic in the set {h > 0} B, which is impossible since by construction 
hv uo is not C! (for instance, the gradient is not continuous on the segment [y, y;]). 
Thus, (1) cannot happen. By the same argument, also (2) cannot happen, which 
means that 


|Vuo =/VA on dA. 


Now, by the unique continuation principle we have that uo(x) = VA (x - v) on A). 
Indeed, the function ug, defined as 


fig(x) =uo(x) in Hy and fig(x)=VA(x-v) on R¢\ A, 


is harmonic in the entire space R? and so, it should coincide everywhere with the 
function x +> JA (x - v). This concludes the proof. o 


Proposition 6.12 (The Singular Set Is Negligible) Let D be a bounded open set 
in R? andu € H! (D) be a minimizer of Fa in D. Then, HI! (Sing(ðNRu)) =0. 
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Proof By Proposition 5.3, Q, has locally finite perimeter in D. Let 0*Q, be the 
reduced boundary of &,. It is well-known (see for instance [43, Theorem 5.15]) 
that, for every x9 € d*Qy, there is a unit vector v € R? such that the property (6.10) 
does hold. Thus, by Lemma 6.11, we have that 0*Q, C Reg(dQ,). On the other 
hand, by the Second Theorem of Federer (see [43]), we have that 


Ht (Ru N D) \ (QP U 2® Uata,)) = 0. (6.12) 


Recall that, by Lemma 5.1, there are no points of density 1 and O on the free 
boundary, that is, 


Ou N D)N (QP U 2O) =g. 
Thus, by (6.12) 
HIHO Qu N D) \ 3* Qu) = 0. 
Now, by the definition of the singular part, we have 
Sing (ðu) = (Qu N D) \ Reg (ð Qu) C (ORQu N D) \ a*Qu, 


which concludes the proof. o 
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Chapter 7 ® 
Improvement of Flatness od 


In this chapter, we will prove that the regular part of the free boundary Reg(d&,,) 
(defined in Sect. 6.4) is C1% regular, for every a € (0, 1/2). We will first show that 
the minimizers of F; are viscosity solutions of an overdetermined boundary value 
problem. Precisely, we will prove the following result. 


Proposition 7.1 (Local Minimizers Are Viscosity Solutions) Let D be a bounded 
open set of R? and letu € H'(D) be a minimizer of Fa in D. Then, u is a viscosity 
solution of 


Au=0 in Qu, |Vul= VA on d2,ND, (7.1) 


in the sense of Definition 7.6. 


The rest of the section is dedicated to the De Silva improvement of flatness 
theorem [23]. Precisely, we will prove that the (viscosity) solutions to (7.1) have 
C! regular free boundary. The proof follows step-by-step (sometimes with minor 
modifications) the original proof of De Silva [23]. 

Without loss of generality, we can assume that A = 1. This is due to the 
following remark, which is an immediate consequence of the definition of a 
viscosity solution (Definition 7.6). 


Remark 7.2 The continuous non-negative function u : Bı — R is a viscosity 
solution to (7.1), for some A > 0, if and only if the function v := AW u isa 
viscosity solution to 


Av=0 in Q, |VvJ=1 on 3ND. (7.2) 


As a consequence, it is sufficient to give the notion of flatness in the case A = 1. 
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Definition 7.3 (Flatness) Let u : Bı — R be a given function. Let € > 0 bea 
fixed real number and v € Rf a unit vector. We say that 


u is €—flat, in the direction v, in B1, 
if 
(x-v—e), Su(x) < (x vte), for every x € By. 


Theorem 7.4 (Improvement of Flatness for Viscosity Solutions, De Silva [23]) 
There are dimensional constants Co > 0, £o > 0, o € (0,1) and ro > O such that 
the following holds: 

Ifu : By — R be a continuous function such that: 


(a) u is non-negative and 0 € 0Q,; 
(b) u isa viscosity solution to 


Au=0 in Q,NB,, 
[Vul=1 on dQ,NB,; 
(c) there is € € (0, £o] such that u is €-flat in B4, in the direction of the unit vector 
ve Rå. 
Then, there is a unit vector © € 0B, C RT such that: 


(i) |v—v| < Coe; 
(ii) the function uy, : Bı —> R is oé-flat in By, in the direction v, where we recall 


1 
that uy) (x) = —u (rox). 
ro 
Precisely, for any £o > 0, we may take 
Co = Ca, €0 = ro and o = Caro, 


where Ca is a dimensional constant. 


From the improvement of flatness (Theorem 7.4) we will deduce the regularity 
of the free boundary (see Chap. 8). The section is organized as follows: 


e In Sect. 7.1 we give the definition of a viscosity solution and we prove Propo- 
sition 7.1 using as competitors the radial solutions from the Propositions 2.15 
and 2.16. 
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e In order to prove Theorem 7.4, we will reason by contradiction. This means 
that we will need a compactness result for a sequence of viscosity solutions 
un : By —> R which are e,-flat in Bı (€n being an infinitesimal sequence). This 
will be the aim of Sects. 7.2 and 7.3. In Sect.7.2, we will prove the so-called 
Partial Harnack inequality (see Theorem 7.7), which we will use in Sect. 7.3 to 
obtain the compactness result (Lemma 7.14). 

e Section 7.4 is dedicated to the proof of Theorem 7.4. 

e Sections 8.1 and 8.2 are dedicated to the proof of Theorem 8.1, which is based on 
a classical argument and is well-known to be a consequence of the improvement 
of flatness Theorem 7.4. 


7.1 The Optimality Condition on the Free Boundary 


In this section, we give the definition of a viscosity solution and we prove 
Proposition 7.1. 


Definition 7.5 Suppose that Q C R? is an open set and that u is a continuous 
function, defined on the closure Q. Let x9 € Q. We say that the function 
@EC °° (IR) touches u from below (resp. from above) at xo in Q if: 


e u(xo) = $(x0); 
e there is a neighborhood NM (xo) C R? of xo such that u(x) > (x) 
(resp. u(x) < $(x)), for every x € N(x9) N Q. 


Definition 7.6 (Viscosity Solutions) Let D C R? be an open set, A > 0 and 
u : D — Rt be a continuous function. We say that u is a viscosity solution of the 
problem 


Au=0 in Qu,  |Vul=A on a2,ND, 


if for every x9 € Qy N D and ¢ € C™(D), we have 
e if xo € Qy = {u > 0} and 


— if ¢ touches u from below at xg in Qu, then A¢ (xo) < 0; 
— if ¢ touches u from above at xo in Qu, then A¢ (xo) > 0; 


e if xo € OQ, D and 


— if ¢ touches u from below at xg in Qu, then |V¢(xo)| < A; 
— if @* touches u from above at xo in Qu, then |V@(xo)| > A. 
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Proof of Proposition 7.1 Suppose that x9 € Q, and that 6 € C™°(D) touches u 
from below in xo. Since u is harmonic (and smooth) in the (open) set Qu, we get that 
A¢ (xo) > 0. The case when ¢ touches u from above at x9 € Qu is analogous. Let 
now xo € 0Q2,. Suppose that ¢ touches u from below at xo and that |V@(xo)| > 1. 
We assume that x9 = 0 and we set 


\Vd(0)| =a and v= + veo) € dBi 
a 


we get that, for some p > 0 small enough, 


even ween 


(x -v)4 for every x € Bo. 


Let now r > 0 be large enough such that the radial solution u, from Lemma 2.15 
satisfies 


uy=1 in B,, up=0 in RÎ\BR,  |Vu |< =“ in Br \ B. 
Let #, be the following translation of u, 

U(X) := uy (x —(R- €)v). 
Choosing £ small enough we can suppose that ite (0) > 0 but 


U(x) < 7 


(x -v)4 for every x €OB,. 


Thus, 
Ue VU=u and Us ^U =s on Bp. 
Now, since both čs and u are both minimizers in Bp, we get 
Fa (te, Bo) < Fa (e Au, Bp) and Fa (u, Bp) < Fae V u, Bp). 
On the other hand, we have 
Fa (te, Bp) + Fa (u, Bp) = Fa e ^u, Bo) + Fa (te V u, Bpo), 
which gives that 


Fa (ts, Bo) = Fa e Au, Bo) and F, (u, Bp) = Fa (s V u, Bp). 
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Now, we define the function 


~o | ite in RP Bo. 
Us = ~ . 
UeAu in Bp, 


and we set v, (x) = Ue (x +(R- €)v). Thus, we get that F, (vr, R) = Fa(uy, R), 


but v, Æ up, which is a contradiction with Lemma 2.15. The case when ¢ touches 
u from above is analogous and follows by Lemma 2.16. o 


7.2 Partial Harnack Inequality 


In this section we prove a weak version of Theorem 7.4. We will assume that u 
satisfies the conditions (a), (b) and (c) of Theorem 7.4, which means, in particular, 
that u is -flat in some direction v: 


(x-v—e)4 <u(x) < (x-v+e)4 forevery xe Bı. 


Then, we will prove that the flatness of u is improved in some smaller ball B,. 
Precisely, we will show that 


(x-v-—(1- c)e), <u(x) < (x-v+(1—- c)e) for every x € B,, (7.3) 


for some dimensional constant c € (0,1). There are two main differences with 
respect to Theorem 7.4: 


e The flatness might not really be improved in the sense of Theorem 7.4 and 
Fig. 7.1. Indeed, (7.3) only implies that the rescaled function 


1 
uy: By > R, u;(x) = -u(rx), 
r 
is (1 — c) <—flat in B1. Since the constants c and r are small, we might have 
E 
=) >e, 
r 


which means that u, might not be flatter than u. 


Fig. 7.1 Improvement of 
flatness in the ball B4. For 


simplicity, we set r := ro ae 
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¢ The flatness direction does not change (v’ = v). Notice that, without changing 
the direction, the improvement of flatness (in the sense of Theorem 7.4) should 
not hold. In fact, the function u(x) = xy is €-flat in the direction v (whenever 
|v — eg| = £), but for any r > 0, u;-(x) = u(x) = A, thus u, cannot be more 
than £-flat in the direction v (the improvement is only possible if we are allowed 
to replace v by a vector, which is closer to eg). 


The main result of this section is the following. 


Theorem 7.7 (Partial Boundary Harnack) There are dimensional constants 
E >0andc € (0,1) such that for every viscosity solution u of (7.2) in By C R? 
such that 0 € Q, we have the following property: 

If there are two real numbers ag < bo such that 


|bo — ao| < € and (xq +a0)4 < u(x) < (Xa + bo)+ on By, 
then there are real numbers a, and b, such that ag < a, < bı < bo, 
|bı—aı| < (1—c)|ao—bo| and (xa+aı)+ < u(x) < (xa+bı)+ on Bip. 


Proof Since 0 € Qu we have that ay > —!/10. We consider two cases: 


1. Suppose that |ao| < 1/10. Then applying Lemma 7.10 we have the claim. 
2. Suppose that ap > 1/10. Then u is harmonic in By N {xg > —!/10} (and so, in the 
ball Bijjo) and the claim follows by Lemma 7.9. 


oO 


We next prove the two main results: Lemmas 7.9 and 7.10. Section 7.2.1 is dedicated 
to the proof of Lemma 7.9, which is a consequence of the classical Harnack 
inequality for harmonic functions stated in Lemma 7.8. Section 7.2.2 is dedicated to 
the boundary version of the Harnack inequality (Lemma 7.10), which is due to De 
Silva [23]. 


7.2.1 Interior Harnack Inequality 


Lemma 7.8 (Harnack Inequality) There is a dimensional constant Cy, such that 
for every h : Ba, (x0) > R, a non-negative harmonic function in the ball Bz, (xo) C 
R4, the following (Harnack) inequality does hold 


max h < Cy minh. (7.4) 
By (xo) B, (xo) 
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In particular, we have 


h(xo) < Cy min h. 
r xO. 


Proof The proof is an immediate consequence of the mean-value property. o 


Lemma 7.9 (Improvement of Flatness at Fixed Scale) Let Cy > 1 be the 
dimensional constant from the Harnack inequality (7.4) and let cy, := (2Cy) 
Suppose that u : Bo, — R is a harmonic function for which there are a constant 


e > Oanda linear function £ : R? — R such that 
L(x) < u(x) < L(x) +€ for every x € Bz. 


Then at least one of the following does hold : 
(i) L(x) + ce < u(x) < (x) +e forevery x © B,; 
(ii) L(x) < u(x) < £(x)+ (1 — cy)e forevery x € B,. 


Proof We consider two cases. 
Case 1. Suppose that u(0) > £(0) + £/2. Then the function h := u — £ is harmonic 
and non-negative in B2,. Then, by the Harnack inequality (7.4), we have 


E 
~<h(O)<C inh, 
7 = (0) < H iy 
which means that 


u—tl> =o in B,, 
2CH 


and so (i) holds. 
Case 2. Suppose that u(0) < £(0)+¢/2. Then the function h := +e — u is harmonic 
and non-negative in Bz. Then, by the Harnack inequality (7.4), we have 


5 < hO) < CH minh, 


which means that 


E 
£ -u> —— in B,, 
+E TaT in r 


and so (ii) holds. o 
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7.2.2 Partial Harnack Inequality at the Free Boundary 


Lemma 7.10 (Improving the Flatness at Fixed Scale; De Silva [23]) There are 
dimensional constants € > 0 and c € (0, 1), for which the following does hold. 
Suppose that u : Bı — R is a continuous non-negative function and a viscosity 
solution of (7.2) in Bı C R. Then, we have the following property: 
If there are real constants £ and ø, 0 < € < & and|o| < 1/10, such that 


(xa +0)+ < u(x) < (xa +o +£)  forevery xe Bi, 


then at least one of the following does hold : 


(i) (xa +0 + ce) < u(x) < (xa +0 +8£)+ forevery x € Bim; 
(ii) (xa +0)+ < u(x) < (xa +0 + (1 — c)e)+ forevery x € Bijo. 


Proof We set 
ï=% ad @ = (204- (43)") , 
and consider the function w : R? —> R, defined as (see Fig. 7.2): 
w(x) =1 for x € Bio(¥), 
w(x) =0 for x € RË \ Bya(X), 
w(x) = (ix -7 (/4)~“), 
for every x € B3j4(x) \ Biyo(X). 


The set, where the function w is not constantly vanishing, is precisely the ball 
Bs4(x) (see Fig. 7.2). Moreover, on the annulus B34(x) \ Bio (X), the function w 
has the following properties : 


(wl) Aw(x) = 2dé|x —x|-(O > 2dé (43 >0. 
(w2) ðxıw > Cy > 0 on the half-space {xg < 1/10}. Here, Cy > 0 is an (explicit) 
constant depending only on the dimension. 


Ji 


Following the notation from [23] we set p(x) = xg + o. Similarly to what we 
did in the proof of Lemma 7.9, we consider two cases. 
Case 1. Suppose that u(x) > p(x) + £/2. 

Since the function u — p is harmonic and non-negative in the ball Biyjo(x), we 


can apply the Harnack inequality (7.4). Thus, setting cz := (2Cx) | we get 


u(x) — p(x) > c£ in Bio(X). 


7.2 Partial Harnack Inequality 97 


Fig. 7.2 The function w 


Aw >0 in Bsy,(Z) \ Ba jzo( 


wel in Bia (T) 


w=0 on OBs),(Z) 


We now consider the family of functions 
Ur (x) = p(x) + cyxew(x) — cye + cet. 


We will prove that for every t € [0, 1), we have u(x) > v;(x) in B1. We notice that, 
for t < 1 the function v; has the following properties: 


(v1) v(x) < p(x) < u(x) on Bı \ Bs4(x) (since the support of w is precisely 
B3j4(X)), _ 

(v2) v(x) < u(x) in Bijo(x) (by the choice of the constant cy), 

(v3) Av;(x) > 0 on the blue annulus B3j4(x) \ Bi/2o(x) (follows from (w1)), 

(v4) |Vur|(x) > dx, Ur (x) > 1+cqyeCy > Lon (B34 (X) \ Bijoo(X)) N {xa < 1/10}. 


Suppose (by absurd) that, for some t € [0, 1), the function u — v; has local minimum 
in B; in a point x € By. By (v3) and the fact that u is a viscosity solution we have 
that x ¢ Qu N (BnG) \ Ba). By (v4) we have that x ¢ 92,0 (Bu) \ 
Byz0(2)) andx ¢ (B\ Qu) Bys®\By20@)). Thus we get x ¢ B3yy(X)\B120(X). 
By (v1) and (v2) we conclude that 


min {u(x) — v (x)} >0 whenever t<l. 
xeB 
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Thus, we obtain that u > vı on Bi, ie. 
u(x) > p(x) +cyHew(x) on By. 
Now since w is strictly positive on the ball Bix) we get that 
u(x) => p(x)+cae on Big, 
which proves that the property (i) holds. 
Case 2. Suppose that u(x) < p(x) + &/2. 
Since the function p + € — u is harmonic and non-negative in the ball Bi/jo(x), 
we can apply the Harnack inequality, thus obtaining that for a dimensional constant 
cy > 0 we have 
pte-—ucyHe in Byak). 
We now consider the family of functions 
ur(x) = p(x) + € — cyew(x) + cye — cyt, 
and, reasoning as in the previous case, we get that 
v(x)" > u(x) for every t € [0, 1). 
In particular, since w is strictly positive on the ball Bi/2, we get that 
u(x) < (pœ) + — ca)é) on Biro, 


which concludes the proof. o 


7.3 Convergence of Flat Solutions 


In this subsection we prove the compactness result that we will need in the proof of 
Theorem 7.4. The proof is entirely based on Theorem 7.7, from which we know that 
any (continuous, non-negative) viscosity solution u : Bı —> R of (7.2) satisfies the 
following condition. 


Condition 7.11 (Partial Improvement of Flatness) There are constants & > 0 
and c € (0,1) such that the following holds. If x9 € Qu, B, (xo) C By and ao < bo 
are such that 


|bo — ao| < rē and (xa + a0)+ < u(x) < (xa +bo)+ on B,(xo), 
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then there are real numbers a, and b, such that ag < a, < bı < bo, 


lbi —aı| < (—c)|ap —Do| and (xa +a1)+ < u(x) < (xqa4+bı)+ on Br J20 (x0). 


Remark 7.12 We notice that if u : Bı — R is a continuous non-negative function 
on Bı, then, for any a < b and any set E C By, the inequality 


(xa +a)y <ul) < (xa+b)} on E, 
is equivalent to 
Xq +a < u(x) <xąı+b on ENQ,, 

Thus, an equivalent way to state Condition 7.11 is the following. The non-negative 
function u : Bı — R satisfies Condition 7.11, if and only if, the following holds. 

If xo € Qu, B (xo) C By and do < bo are such that 

|bo — ao| < rē and xa tao < u(x) <xatbo on B,(xo0)N Qu, 
then there are real numbers a; and bı such that ag < a; < bı < bo, 
|by —aı| < (1 — c)lao — bol and xq +a < u(x) < xą+bı on Brjoo(X9) NQu. 
The constants £ and c are the same as in Condition 7.11. 
Lemma 7.13 Suppose that the continuous non-negative function u : By > R 


satisfies Condition 7.11 with constants c and &. Suppose that 0 € Q, and that there 
are two real numbers ag < bo such that 


and xd tag < u(x) <xgtbo on BiN Qu. 


N| 1 


€ := |bo — ao| < 


Then, setting 


Pe, u(x) = Xd —_ 
u(x) = ———— for every xX E€ Qu NO Bi, 
E 
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for every xo € Bip N Qu, we have the uniform estimate 
lüx) — ü(xo)| < Clx —x0|” — forevery x € Qu N (Bip (xo) \ Beje(xo)), 


where C is a numerical constant and y depends only on c. 


Proof Letn > 0 be such that 


1 n+l E€ 1 A 
= (1/20 < = < =(1/20)". 
1 s 
Letrj = z020). Then, we have 
E€ <6rj for every j=0,1,...,n. 


Thus, for every x9 € B1/2 N Qy we can apply the (partial) improvement of flatness 


in Br; (xo), for every j = 0, 1,...,n. Thus, we get that there are 
dg < a] < <aj S< San Sbr < <bj< < bı < bo 
such that 
|b; —aj| < (1— c)’ |ao — bol and @a+aj)+ < u(x) < (xa+bj)+ on B;, (x0), 


which implies that 
xa taj Su(x) <xa+bj on B, (xo) N Qu, 

and so, 

| (u(x) — xa) — aj| <(1— cle for xe B; (xo) N Qu. 
The triangular inequality implies that 

|a(x) — üx] <20 —c)İ for every x € B, (xo) N Qu, 
which gives the claim by choosing j such that 

rj41 < |x — xoļ < rj, 


and setting y to be such that (1/20) =1l-ce. o 
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Lemma 7.14 (Compactness for Flat Sequences) Let é > Oandc € (0, 1) be fixed 
constants. Suppose that ux : Bi — R is a sequence of continuous non-negative 
functions such that 


(a) ux satisfies Condition 7.11 in Bı with constants € and c. 
(b) ux is &x-flat in By, that is, 


Xd — Ek < uk(x) <xa tex in BiN Qu- 
(c) lim e, = 0. 
k->0o 


Then there is a Hélder continuous function ù : Bip N {xa = 0} > Randa 
subsequence of 


Es X)—-xX — 
Ug(x) = ua) — xa ; uk : Bih N Qu, > R, 


Ek 
that we still denote by ux such that the following claims do hold. 


(i) For every ô > 0, u% converges uniformly to u on the set Biz N {xa = ô}. 
(ii) The sequence of graphs 


Ty = {(x, kE) : x E€ Qu N Bip} C RI, 
converges in the Hausdorff distance (in R¢*') to the graph 
r= {(x, a(x) 2x € Bih N {xa = o}. 
Proof We first prove (i). For every y € Bip N Qu, we have that 
Xd — Ek < uk(x) < xa +e, forevery x € Bip(y) N Quz. 


Thus, by Lemma 7.13 we have that ñg satisfies 


— E 
lūk (x) — ük )| < Clx — y|” forevery x € Bip(y)NQ,y, suchthat |x — y| > E 
E 
which, since y is arbitrary, gives 
Ek 


lük (x) — ük (y)| < Clx — y|” forevery x,y € Bip N Qu such that |x — y| > 
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Since, for ex < ô, we have that {xg > ô} O By C Qu, N B1, we get that the sequence 
ug: {xq = ô} N Bin — R satisfies : 


e ux is equi-bounded on {xg > ô} N Bi 


= (xd — Ek) — Xa 2 uk(x) — Xd 2 (xa + £k) — Xa = 


Ek Ek Ek 


=4 1; 
e i, satisfies 


E 
osc (ŭx; Aar r (x0) N {xa = ô} N Bip) <2Cr’ for every r> = 
E 


where, for any set E C Tuks we define: 


osc (ük, E) := sup ux — inf ük, 
E E 


and, for every 0 < r < R, Ar,(xo) is the annulus 
ARr(x0) = Br(xo) \ B; (x0). 


Thus, by the Ascoli-Arzelà Theorem, there is a subsequence converging uniformly 
on the set {xg = ô} N Bıy to a Holder continuous function 


ü : {xa > ô} N Bip > [-1,1], 

satisfying 
|u(x) — u(y)| < C|x — y|” for every x,y € Bip N {xa = ô}. 

The above argument does not depend on ô > 0. Thus, the function & can be defined 
on the entire half-ball {xg > 0} N Bı. Moreover, the constants C and y do not 
depend on the choice of 5 > 0. This implies that we can extend uw to a Hölder 
continuous function 

ü : {xq > O}N Bıy > [-1, 1]. 
still satisfying the uniform continuity estimate 


|u(x) — ù(y)| < Cix — y|” for every x,y € Bih N {xa = 0}. 


We now prove (ii). Suppose that x = (x, u(x)) € T. For every 6 > 0, there is a point 
y € Biy N {xa > 8/2} such that |x — y| < ô. (Notice that, if x € Bip N {xa > 8/2}, 
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then we can simply take y = x.) Then, setting y = (y, u(y)), we have the estimate 
Iž — 5? = [x — yl? + lax) — Wy)? < 87 + C78", 

On the other hand, for every k such that eg < ô, we have 

dist(ş, rk) < |) — me (y)| < la — ük || L°°(ByyMxa>8/2})- 
Thus, we finally obtain the estimate 

dist(%, Tx) < (8? + ery + llä — delle (Byyr{xa>8/2)): 
Let now Xx, = (xr Ūk(xk)) € Tk. Let k be such that «/e < 4/2. Let 
ye € {xa = ô} N Bip be such that 8/2 < |xk — yk| < 26 and let yk = (Yk, itk (yk)). 
Then, we have 

lZk — Ful? = [xk — yal? + lien) — ÜK)? < 48° + 40°87. 

Reasoning as above, we get 

dist(ix,P) < 2(8? + C787”) '” + iā — tall e=(Byyrtea>s))- 


Now, since ô is arbitrary and a, converges to u uniformly on {xg > 8/2} N Bip, we 
get that 


lim dist (Ix, T) = 0. 
k—> oo 


7.4 Improvement of Flatness: Proof of Theorem 7.4 


In this subsection, we prove Theorem 7.4. Since, we will reason by contradiction, 
we will first study the limits of the sequences of (flat) viscosity solutions to (7.2) in 
By. 


Lemma 7.15 (The Linearized Problem) Suppose that ux : Bı —> R is a sequence 
of continuous non-negative functions such that: 


(a) for every k, ux is a viscosity solution of 


Auk =0 in Qu, O Bi, |Vuk|=1 on ƏQu, N Bı. (7.5) 
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(b) for every k, ux is €x-flat in B, in the sense that 
(xa — &k)4+ < uk) < at ek) in By. 
(c) lim eg = 0. 
k—> o0 
Then, up to extracting a subsequence, the sequence of functions 


uk(x) — xa 


ük : Bip Nu >R, u(x) = e i 


converges (in the sense of Lemma 7.14 (i) and (ii)) to a Hölder continuous function 
u : Bip N {xa = 0} > R. 


Moreover, we have that 


(i) u is a viscosity solution to 


i 
Aŭ=0 in BpN{xa > 0}, =—=0 on BipN{xa =0}, (7.6) 
Xd 


in the sense that 


e ù is harmonic in Bip N {xa > 0}, 
e If P is a polynomial touching u from below (above) in a point 


P ðP 
xo € Bip N {xa = 0}, then — (xo) < 0 (Z > o), 
əxa OXxd 


(ii) ù € C% (Bip N {xq => 0}) and is a classical solution of (7.6). 


Proof The existence of the limit function w follows by Lemma 7.14. 

We first prove (i). Suppose that P is a polynomial touching & strictly from below 
in a point x9 € Bi N {xa = 0}. Then there exists a sequence of points x, € Qu k 
such that P touches u; from below in x, and x, — xg as k — oo. We consider two 


Cases: 


(1) Suppose that x9 € {xg > 0}. Then there is some ô > O such that xg € {xq > ô}, 
for every k large enough. Thus, xk € Qu, for k large enough and so, since 
ux is harmonic in Qu,, AP (xg) > 0. Passing to the limit as k — oo we get 
AP(xo) = 0. 

(2) Suppose that xo € {xg = 0}. We suppose without loss of generality that x9 = 0. 
We consider the family of polynomials 


1 
P(x) = P(x) + std — €Xq. 
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In a sufficiently small neighborhood of zero, we have that P, still touches u 
(strictly) from below in 0. Moreover, 


AP, >0 ina neighborhood of zero, 


-20 — E. 


now € > 0 be fixed. Consider the sequence of points x, € Qe such that P; 
touches üg from below in xz and xg —> xg as k —> oo. Since AP, (xz) > 0 and 
ux is harmonic in Qu, we have that necessarily x; € 0Qx. By the definition of 
iy, = “4 a we get that the polynomial Q(x) = ex Ps (x) + xa touches ug from 


below i in te Since ux is a viscosity solution of (7.5), we get that 


OPe y2 aP, OP. 
1 = [VOOD = (1+ exw) = 1+ 20 H 6 |< 
axa əxa 0 


We now prove (ii). We write R? 5 x = (x', xq) with x’ € R¢~! and xq € R. We 
consider the function w : R? — R defined by ŭ and its reflexion: 


ee ee if xa > 0, 


u(x’, —xq), if xg < 0. 


We will prove that w is harmonic on R¢. Suppose that P is a polynomial touching 
w strictly from below in a point x9 € {xq = 0}. Since w is harmonic on {xg 4 0} 
it is sufficient to prove that AP(xo9) < 0. We first notice that since w(x’, x4) = 
w(x’, —xq) then also the polynomial P(x’, —xq) touches w strictly from below in 
xo and, as a consequence, so does the polynomial 


O(x', xa) = P(x Xd) fe » Td) 


which satisfies 


AQ=AP_ and 3L o on {xq = O}. 
əxa 


Consider the polynomial 


Q: (x) = Q(x) + ex: eg. 
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Then Q; touches w from below in a point x, and we have that xs —> xo as € > 0. 
We notice that necessarily xs € {xq > 0}. Moreover, we can rule out the case 
Xe € {xq = 0} since by the hypothesis on & we have that in this case we should have 


> 2.) = 28 


0 eons 
~ Oxg əxa 


(xe) +E =E, 


which is impossible. Thus x, € {xg > 0} and since uw is harmonic in {xg > 0} we 
get that 


0 > AQz (xe) = AQ(xe). 


Passing to the limit as € — 0, we obtain that AQ(xo) < 0, which concludes the 
proof. o 


Lemma 7.16 (First and Second Order Estimates for Harmonic Functions) 
Suppose that h : Br — R is a bounded harmonic function in Br. Then 


Ca 
[VAI LeBro) S p leew : (7.7) 
and 


C 
|n(x) — h(0) — x - VA(O)| < prt Mlle cae) forevery x € Brp, 
(7.8) 


where C4 is a dimensional constant. 


Proof Let xo € Bsrj4. Since h is harmonic in Bry4(xo), we have that also 0;h is 
harmonic in the same ball Brj4(xo), we have 


4d 4d 
dih (xo) = / djh(x) dx = f div X dx, 
' wa RI BRj4(x0) : wd Re Brig (xo) 
where X = (0,...,H,...,0) is the vector with the only non-zero component being 


the ith one, which is precisely h. Now, the divergence theorem gives 


44 d-1 44 d—1 
ðih(x0) = —; v-XdH* | = — vi(x)h(x) dH), 
wa R? JaBry a0) wa R? JaBry 0) 


which implies that 


4d 
lðAllLocBra) S p leB 
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and so, we obtain (7.7). Now, by the same argument, we get that 


16d? 
OifAllL-~(Be») < pe Allee): 


Let now x € Bry, and set 
f@ = h(xt) for every t € [0,1]. 


Then, we have 


1 
h(x) — h(0) — x - Vh(0) = f1) — f0) — f0) = [ (l—1n)f" (dt. 


Since 
d 
FO=x: Vha and fO = Y xjxjajjh(xn), 
i,j=1 
and 
d t 
x: VA(xt) = Dy | xix jdijh(sx) ds, 
on 0 
i,j=1 


we get precisely (7.8). 
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Proof of Theorem 7.4 We fix Co and ro to be dimensional constant which will be 
chosen later. In order to prove that £ọ exists we reason by contradiction. Let £n —> 0 
and let u„ : Bı — R bea sequence of continuous functions satisfying the conditions 
(a), (b) and (c) with £„. Without loss of generality, we may suppose that, for any n € 
N, un is £n flat in B, in the same direction eg. Finally, we assume by contradiction 


that, there are non € N and a unit vector v satisfying the following conditions: 
(i) |v — eg| < Coe; 
(ii) the function (un)ro : Bı — R is ve-flat in B4, in the direction v. 

By Lemma 7.14 we can suppose that the sequence 


a Un\x)— x — 
ü, (x) = “Oa for x € Bi N Qu, 
n 


converges (in the sense of Lemma 7.14 (i) and (ii)) in Bi. to a smooth (C®(Bi/2)) 


function 


ü : Bip N {xa > 0} > [-1, 1] 
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that satisfies (7.6). We notice that 
~ au 
(0) =0 and ——(0)=0. 
oxa 
We set 
a Gens du Sloss r WP ges d-1 
v = z 0)» for every i= 1,...,d— 1; v := (y,...,¥¢g-1) ERV, 
Xj 


and we re-write (7.8) as 
v- x! —4Cg |x|? < a(x) < vx’ +4Cg|x|? for every x = (x', xa) € BiN {xa > 0}. 


We now fix r < 1/4. Since the graph T, of tn converges in the Hausdorff distance 
to the graph T of u (see Lemma 7.14 (ii)), we have that for n large enough 


vex! —8Car? < iin(x) < v «x! + 8Car? for every x = (x', xa) € B; N Qu,- 


(7.9) 
Using the definition of ñn we can rewrite (7.9) as 
Xa F EnV’ x! — &_8Cgr? < u(x) < xd + Env + x! + &,8Car?, (7.10) 


which holds for every x = (x’,xg) € B, NQy,. 
We define the new flatness direction v as follows: 


1 1 d 
v := —— (Env, 1) € R®. 
METAL 
By definition, we have that |v| = 1. We next estimate the distance between v and 


eq. Since both v and eg are unit vectors, we have 


1 
|v — ea? = 2(1 — v- eg) = 2 | 1 - —— |. 
y1 + ež |2 


Notice that the following elementary inequality holds: 


1 
1 — —— < 2X for ever — l2 < X < 1/2. 7.11 


In order to apply this inequality to X = e2] v'|?, we first check that e2|v! |? < 1/2. In 
fact, by the definition of v’ and (7.7), we have the estimate |v’| < 2C4. Thus, for n 
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large enough, we have that e2|v' |? < 1/2 and so, we can estimate 
|v — ea! < 2|v'Pex < 8C383 > 


which proves that v satisfies (i), once we choose Cp = 4C4. 
Using again the inequality (7.11) and the fact that 


O < un < En +r in B,, 


which follows by the non-negativity and the e,-flatness of un, we get that 


u i 
Un — 8C3e2(r + En) < —— 7 <un in B,. 


af Vez 
Thus, dividing (7.10) by ,/1 + ¢2|v’|?, we get that 
X-v— Cale? (r +ée,)+ Enr’) < un(x) < x- v + Cder’, 


for every x = (x',xqg) € B, A Quno C4 being a dimensional constant. Choosing ro 
small enough and £ọ < ro, we get that 


X- V— Enro0 <un(x) <x-V+Enroe for every x = (x', xd) € Br N Qu,» 


and so the vector v satisfies (i) and (ii), in contradiction with the initial assumption. 
Oo 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Chapter 8 A 
Regularity of the Flat Free Boundaries gsti 


This chapter is dedicated to the regularity of the flat free boundaries. In particular, 
we will show how the improvement of flatness (proved in previous section) implies 
the C! regularity of the free boundary (see Fig. 8.1). The results of this section are 
based on classical arguments and are well-known to the specialists in the field. The 
main result of the chapter is the following. 


Theorem 8.1 (¢-Regularity for Viscosity Solutions) 
There are dimensional constants € > 0 and ô > 0 such that the following holds: 
Suppose that u : Bı — R satisfies the following conditions: 


(a) u is a non-negative continuous function and a viscosity solution of (7.1) in By; 
(b) u is £-flat in B}, that is, 

(xa —€)+ < u(x) < Gate)+ forevery xeB. 
Then, there is œ > 0 such that the free boundary JQ, is C! regular in the cylinder 
B; x (—6, ô). Precisely, there is a function g : B; —> (—ô, 8) such that: 
(i) gis cle regular in the (d — 1)-dimensional ball B; c Re, 
(ii) the set Qu O (B; x (—ô, ô)) is the supergraph of g, that is, 


Qu N (B; x (—ô, ô)) = {x = (x', xd) € B; x (—ô8,ô) : Xd > gan}. 


Moreover, g (and so, 8Q,,) is C!® regular, for any æ € (0, 1/2). 
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Fig. 8.1 A flat free boundary tg 


Proof The existence of a function g : By C R¢—!, which is C! regular, for some 
a > 0, for which (ii) holds, is a consequence of: 


e Theorem 7.4, in which we show that the improvement of flatness (Condition 8.3) 
holds for viscosity solutions (with constants o = Cygk); 

e Lemma 8.4, in which we show that the improvement of flatness implies the 
uniqueness of the blow-up limit and the decay of the blow-up sequence: 


lur xo — Uxgllt-o(B,) < Car” forevery r < 1/2 andevery xg € Bip, 
(8.1) 


where y is such that k” =o; 
e Proposition 8.6, in which we show that if (8.1) holds, then dQ, is C La regular in 
Bij, where œ = iH: 


In particular, we notice that by choosing « small enough, we can take y as close to 
1 (and so, œ as close to 1/2) as we want. o 


As a consequence, we obtain the regularity of the free boundary for minimizers of 
Fan. 


Corollary 8.2 (Regularity of Reg(9Q,,)) Let D be a bounded open set in R? and 
letu : D — R be a (non-negative) minimizer of Fa in D. Then, every regular point 
xo € Reg(9Q,) C D has a neighborhood U such that 0Qy, N U is a C! regular 
manifold, for every a € (0, 1/2). 


Proof Notice that, up to replacing u(x) by v(x) = A7'?u(x), we may assume that 
A = 1. By the definition of Reg(dQ,,) (see Sect. 6.4), there is a sequence r, —> 0 
such that the blow-up sequence u+, xọ converges uniformly (in Bı) to a function 
uo : RË — R of the form 


uo(x) = (x: v)+ 


8.1 Improvement of Flatness, Uniqueness of the Blow-Up Limit and Rate of... 113 


for some unit vector v € Rf. Then, by Proposition 6.2, for n large enough, we have 
llur, xo — Uolle(B1) < £, 
Ur xo > 0 in {x-v> e} and ur xo =O in {x-v < -—e}. 
This means that u», x) is 2e-flat in B1, that is, 
(x-v— 2e) < ur, x(x) < (x -v+ 2e) for every x € By. 


Now, taking ¢ small enough and applying Theorem 7.4, Proposition 7.1 and 
Theorem 8.1, we get the claim. o 


This chapter is organized as follows. 

In Sect. 8.1, we prove that the improvement of flatness (Condition 8.3) implies 
the uniqueness of the blow-up limit and gives a (polynomial) rate of convergence of 
the blow-ups in L” (B1). 

In Sect. 8.2, we prove that the uniqueness of the blow-up limit and the polynomial 
rate of convergence of the blow-up sequence imply the regularity of the free 
boundary. We notice that the uniqueness of the blow-up limit and the rate of 
convergence of the blow-up sequence can be obtained also by different arguments, 
for instance, via an epiperimetric inequality. In fact, the result of this section can 
be used also in combination with Theorem 12.1, which is an alternative way to the 
regularity of the free boundary. 


8.1 Improvement of Flatness, Uniqueness of the Blow-Up 
Limit and Rate of Convergence of the Blow-Up Sequence 


Condition 8.3 (Improvement of Flatness) Let u : Bı — R be a non-negative 
function. There are constants k € (0,1), o € (0, 1), Co > 0 and £ọ > 0 such that: 
For every xo € Qu N By,r < dist(xo, 9 B1) and € € (0, £o] satisfying 
(x-v—=e)+ < Ur xo S (x-v+e), in B, 
there is © € 0B, such that 


|p — v| < Coe and (x-b—oe), < Urry < (x-0 +08), in Bi. 


Lemma 8.4 (Uniqueness of the Blow-Up Limit) Suppose that u : Bı > Risa 
continuous non-negative function satisfying Condition 8.3. Then, there are constant 
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€1 > 0, y > Oand C; > 0 (depending on £ọ, K, o and Co) such that if 
(x-v—é))4 Su<(x-vt+ei)+ in Bi, 
for some v € ðB), then for every xo € INu N Bi there is a unique unit vector 
Vy) € OB, C RI 
such that 
lur xo — xolo < Cir’  forevery r<, 
where the function Ux, is defined as 
Uxy(X) = (Vro * X)+ for every x ER? 


Precisely, we can take y, €, and C; as follows: 


E C 1 
€ = T > Ky =0 and C = (2/)” (: + i Goo =) £0. 
Proof Let £1 = 2. Notice that if u is €;-flat in B1, then 


Ui/2,x9 1S €o-flat in By, 


for every xo € Qu N Bip. 
Let xo € Nu N Bıy be fixed, 


Fn = — and Un := Ury xo: 


By the improvement of flatness, there is a sequence of unit vectors vn € 0B, such 
that 


<un <(x-m+e00"), in By, 


+ 
and 


Un — Vasil < Cocog” for every neN. 


In particular, for every 1 < n < m, we have 


m—1 m—1 oo Coe 

0 
|Van — Vm| < y lve — vesil < > Coea* < £Co > o= ; z7". 
k=n k=n k=n 
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This implies that there is a vector Vo € 0B, such that 


2 Co£0 
Voo = lim vn and [Vn — væl < > Ive — vk+1| < 
n—> Oo : _ 
=n 


o”. 


Thus, 


C 
X Væ — (x + Un + e9o")| < (1+ i e Jao" for every x € By, 
—o 


which implies that 


Ci 
I(x + vo)+ — un (x)| < (1 + i 2 ) e00" for every x € By. 


Now, we set 
Ug(X) = (X - Voo)+. 
Let r < 1/2 be arbitrary and let n € N be such that 


1 
M41 = x <rs 


Then, there is p € (x, 1] such that r = prn. Since ur, xo satisfies 
(x -n= e00”), < Ur, xX) < (x vn + £00”), in Bi, 


we get that u, xo = Upr,,xq Satisfies 


(x -vn — A < Ur xo < (eme a] in Bı, 
which implies that 
lrx — ursol < Zo” < So", 
and finally gives that 


Co 1 
llur xo — uollLœ(B) < (1 + i + 1) ego". 
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Since k” = ø, we get that 


from which, we deduce 


Co 1 
lur xo — uol < (2/«)” (: Pico? =) eor”, 


which concludes the proof. o 


8.2 Regularity of the One-Phase Free Boundaries 


Condition 8.5 (Uniqueness of the Blow-Up Limit and Rate of Convergence of 
the Blow-Up Sequence) The function u : Bı — R satisfies this condition if it is 
non-negative and if there are constants Ci > 0 and y > 0 such that, for every 
xo € Qu N Biy there is a unique function ux, : Bı —> R such that: 


(i) there is Vy, € 0B, such that ux, (x) = (Vxo + x)+ for every x € By; 

(ii) lur xo — UxgllLee(Byy < Cir” for everyr < 1/2. 

Proposition 8.6 (The Condition 8.5 Implies the Regularity of 0Q,,) Let u 
Bı — R be a non-negative function such that: 

(a) u is Lipschitz continuous on Bı and L = ||Vu||Lœ(B,); 

(b) u is non-degenerate in the sense that there is a constant n > O such that 


if ye Qn OBipn, then |u| LB.) = nr, forevery r e (0,1/2). 


(c) u satisfies Condition 8.5 for some y > 0 and C, > 0. 


Then, there is p > 0 such that ðQ, is a che manifold in Bp, where a := eae 
Precisely, there are p > 0 and a C!“-regular function g : B; — (—p, p) such 
that, up to a rotation of the coordinate system of RI, we have 


N 
(By, x (—p, AA 
(BY, x (=p, p)) N AQ 


{(x’,t) € BL x (=p, p) : 8) <t}, 
{0t € BL x (=p. p) : 80") >t}, 
{Q’,1) E€ B; x (p,p) : g(x) = t}. 


Qu 
Qu 
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Lemma 8.7 (Flatness of the Free Boundary 002,,) Letu : Bı — R be a non- 
negative function such that 


(a) u satisfies the Condition 8.5 with constants Cı and y. 
(b) u is non-degenerate, that is, there is a constant n > 0 such that 


if ye Ry N By, then |lullLæ(B 600) Z nr, forevery r e (0,1/2. 


Then, there are constants C > 0 and ro > 0 such that, for every xo € ðNQu N Bip, 
we have 


Qxo,r N Bi D {x € Bi : x- Vey > Cr} 


and Qor N {x € By : X+ Vy < —Cr”} = Ø, (8.2) 


for every r € (0, ro), where xor := {Uxo,r > 0}. 


Proof In order to prove the first part of (8.2), we notice that 
|lutr xo — xoll LB) < Cir” 
implies that 


Ur xy (X) = (x < Vxo — Cir”) for every x € By. 


+ 


This gives the first inclusion of (8.2) for any constant C > C1. In order to prove the 
second inclusion in (8.2), we suppose that there is a point y € Bı such that 


Ur,xo(y) > O and Y- Vx < —Cr”. 
This implies that y := ¥/2 € Bi) is such that 
A P 1 
Ur xo) > 0 and F- Vr < sgo 
The non-degeneracy of u now implies that 
lop 
luz xolo, 2NP Where p:= zor . 


Notice that ux) = 0 on Bp (Y). On the other hand, choosing ro such that 
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we get that pọ < 1/2 and so B,(y) C Bı. Thus, we have that 
Tor’ < < C1 (2r)” 
Chae I|U2r,x9 — Uxglln(Byy) < Ci(2r)’, 
which is a contradiction, if we choose 
2 
C = -Ci, 
n 
which concludes the proof by taking 
C = (1+%n)C and ro = inf {1/2, C7” }. 
o 
Lemma 8.8 (Oscillation of v) Letu : Bı —> R be a Lipschitz continuous function 
and let L = ||Vul|_~(B,). Suppose that u satisfies the Condition 8.5 with the 
constants Cı and y. Then, there are constants R € (0, 1), a and C such that 
[vxo — Vy l < Clxo — yol” for every Xo, Yo € OQ, N BR. (8.3) 


Precisely, one can take 


C =2Vd+2(L+2C), wee an RD”) 


Proof Leta := Ty Let xo, yo € BRNIQ, andr := |xo — yol! 7%. Then, for every 
x € Bı, we have 


luxor (x) — uyo, (x)| =Z ~|u(xo +rx)— u(yo + rx)| < L= =l = L|xo — yol”, 
which gives that 
luxor — uyrllæ) < Lixo — yol”. 
On the other hand, Condition 8.5 gives that 
luxor — xoll) < Cir” and luüyor — uy lleg) < Cir”. 


We notice that in order to apply Condition 8.5 we need that r < 1/2 and R < 1/2. We 
choose R such that (2R)!~* < 1/2. Thus, by the triangular inequality and the fact 
that r” = |xo — yo|%, we obtain 


luxo — üy llzæg) < (L + 2C1)|x0 — yol”. 
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The conclusion now follows by a general argument. Indeed, for any v1, v2 € Rf, we 
have 


1/2 1/2 
a ae eens) 
1/2 1/2 
< (/ (vy x) 4 — (v2-s)4 ds) + (/ (vy -x)— — (2 -1)-P dx) 
By By 


1/2 
=2 (/ (vy x) 4 — (2+ x) 4)? dx) < 20 wi “X)4 — 2 - x)4 ll LSB) 
Bı 


which implies that 
|vi — v2| < 2Vd + 2 || (v1 - x)+ — w2 - x)+ ll Læ(81)- 


Applying the above estimate to vı = Vy) and vz = Vy, we get (8.3). o 


Proof of Proposition 8.6 We first notice that, for every € > 0, there exists R > 0 
such that, for x9 € Qu N Br we have 


l >0 on C} (xo, Vro) N Br(x0), (8.4) 


u = 0 on C; (x0, Vxo) N Br (x0), 


where for a vector v € ð B1, we denote by ce (xo, v) and Cz (xo, v) the cones 


Cz (xo, v) := fx eR? : v- (x — xo) > eļx — xol} 


(see Fig. 8.2). 


Indeed, the flatness estimate (8.2) implies (8.4) by taking R such that CR” < e, 
where C and y are the constants from Lemma 8.7. 

Let vo be the normal vector at the origin 0 € Nu. Without loss of generality we 
can suppose that vp = eg. In particular, if uo(x) = (x - vo)+ is the blow-up limit in 


Fig. 8.2 The sets C7 (xo, v) 
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zero, then 
Quy = {uo > 0} = {@', xa) € RT! x R : xa >O}. 
Let € (0,1) and R > 0 be as in (8.4) and set 
p = Ry 1 — e? and L=ER. 
Let x’ € B3. Then, by (8.4), we have: 
e the vertical section 
S¥ := {(x',t) € Br : u(x’, t) > 0} 
contains the segment 
{(x',t) € Br : t> eR}; 
e the closed set 
SË := {(x',t) € Br : u&x’, t) = 0} 
contains the segment 
{(x’,t) € Br : t< —eR}. 
This implies that the function 
g(x’) := inf ft € R : u(x’, T) > 0 for every T € (t, p)}, 


is well defined for x’ € B; (see Fig. 8.3). 
Let ô < p. Let xp € B; and let to := g(x). By definition, we have 


xo := (xo, to) € OQ, N BR. 


Fig. 8.3 Graphicality of the sY 
free boundary 
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Moreover, by construction, we have 

—elxol < g(x) < elxol. 
Thus, 

Ixol < ôV1 +E? < V23. 
We next claim that, for 6 small enough, we have that 


u > 0 on C$ (xo, ea) N Br(x0) and =u = 0 on C5, (x0, eg) N Br(x0). 
(8.5) 


Indeed, applying (8.4) for the point x9, we have 
u > 0 on Ci (xo, Vro) N Br(xo) and = u=O0 on C7 (x0, Vro) N Br(X0); 


so, it is sufficient to prove that 


Cap (x0, ea) C CE (x0, Vro). 


Let x € C5, (x0, ea). Then, 


Vro © (x — xo) = eq ; (x — xo) + (Vro — Ca)» (x — xo) 


> 2e|x — xo| — C(V28)|x — xol > elx — xol, 


where: 


e for the first inequality we used the definition of C3, (xo, ea) and the following 
estimate, which is a consequence of Lemma 8.8: 


Ivro — eal < Clxol® < C(V28)°; 


e for the second in equality, we choose 6 such that C (v2 8)” <E. 


This proves (8.5). As a consequence, we obtain that the sections Se and SË are 
segments: 


(B; x (—8,8)) N Qu = {@',t) € By x (—8,8) : g(x’) <t}, 
(B; x (—6,8)) \ Qu = {(x',t) € By x (—8,5) : g(x’) = t}, 


and so, the free boundary is precisely the graph of g, that is, 


(Bs x (—6,8)) N INu = {(x',t) € Bs x (—8,8) : g(x’) =t}. 
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We next prove that the function g : Bg — R is Lipschitz continuous on Bs. Also 
this follows by the uniform cone condition (8.5). Indeed, let 


xi X) E€ Bs > x= (x4, 8(%})) and x2 = (x5, 8(%5)). 
Since xı ¢ Ce (x2, €q), we have that 
ga) — 8049) = (41 x2) + ea < 2elx1 — x2| < 2elxy — x9] + 2elg(x}) — geh). 
Analogously, x2 ¢ t (x1, €q) implies that 
8&1) — g3) < 2e|xy — x3l + 2elg (x1) — 822), 
and the two estimates give 
(1 — 2e) |8 (x1) — g(x2)| < 2elx1 — x91, 
and finally, choosing ¢ < 1/4, we get 
l1) — 804)| < 4elxy — x91, 
which concludes the proof of the Lipschitz continuity of g. 


We will next show that g is differentiable. Indeed, let xy € By. Now, the 
improvement of flatness at xo = (x9, 8 (x6)) implies that 


=Cix=x("" < (x — xo) ty < Clx al", 


for any x = (x’, g(x’)) with x’ € Bs. For the sake of simplicity, we set v := vy, and 
v = (v',vg) € RI! x R. Since 


(x — xo) * Vro = (x! — x6) - v' + (g(x’) — g(x) vd, 


we get that 


v C 
a(x’) — gab) — a’ — xp) - plow e) TY |x! — xol”. 


This implies that g is differentiable at x9 and that Vg(xọ) = Z. Finally, the a- 
Hölder continuity of Vg : B; > R¢—! follows by the y-Hölder continuity of the 
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map x +> vy. Indeed, for any x’, y’ € Bi, x = (x’, g(x’)) and y = (y’, g(9’)) we 
have that 


|v; — vy| < |x = yi% < UA +8)* 2’ y”, 


which implies the Hélder continuity of all the components of the map By 5 x > 
vy € Rf and thus, of the gradient Vg. This concludes the proof of Proposition 8.6. 
oO 
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Chapter 9 A 
The Weiss Monotonicity Formula PEE 
and Its Consequences 


This chapter is dedicated to the monotonicity formula for the boundary adjusted 
energy introduced by Weiss in [52]. Precisely, for every A > 0 and every 
u € H!(B1) we define 


Wa (u) = IvuPas— f u? dH! + A|Qy Bil, 
Bı aB 
where we recall that Q,, := {u > 0}. In particular, we have 
woww)= f Vu? ax- f u“ dH! and Wau) = Wo(u) + A|Qy NB} |. 
By aB 


This chapter is organized as follows: 

In Sect. 9.1 we prove several preliminary results for the Weiss’ boundary adjusted 
energy, which hold for a general Sobolev function u defined on an open set D C R°. 
In particular, in Lemma 9.1 we prove that the function (xọ,r) > Wa (Uuxo,r) is 
continuous (where it is defined), where we recall that ux) +(x) := tu(xo + rx); in 
Lemma 9.2, we compute the derivative of Wa (ux, with respect to r and we prove 
that 


f) d 1 
— Wa (Ux,r) = — (W4 (xor) — Wa (uxo.r)) F -D (uxor), 
or r r 

where Zx9, is the one-homogeneous extension defined in Lemma 9.2 while the 
deviation D(ux,,-) is defined as 


2 d-1 
Diese f les Viar tnp CHE 
QB 
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and measures at what extent the function is not one-homogeneous (see Lemma 9.3) 
and controls the oscillation of u from scale to scale, which is measured by the norm 
|Uxor — Uxo,sll22(aB,)- Finally, in Proposition 9.4, as a direct consequence of the 
Weiss formula (Lemma 9.2), we obtain that, if u is a (local) minimizer of F, in D, 
then the Weiss energy W(ux,,-) is monotone increasing in r. 

In Sect. 9.2 we introduce the notion of stationary free boundary, that is, the free 
boundary dQ, N D of a function u : D —> R, which is stationary for the functional 
Fa with respect to internal perturbations with vector fields compactly supported in 
D. In Lemma 9.5, we compute the variation of the energy Fa with respect to a 
compactly supported vector field £ € C% (D; IR“), which is simply defined as 


f] 
ôFa (u, DIE] := —| Fatur, D), 
dt lt=0 
where u; : D —> R is defined through the identity u;(x + t&(x)) = u(x). We say 
that a function is stationary (see Definition 9.7), if the first variation is zero with 
respect to any vector field, that is, if 


ôF, (u, D)[E] = 0 for every ge CX (D; R?). 


In Lemma 9.6 we show that if u is a minimizer of Fa in D, then it is stationary 
in D. Then, in Lemma 9.8, we prove that every stationary function satisfies an 
equipartition-of-the-energy identity; in Lemma 9.9, we prove that the equipartition 
of the energy is sufficient for the monotonicity of the Weiss energy. In particular, the 
monotonicity formula holds for stationary free boundaries. The result of Sect. 9.2 
are fundamental for the proof of Theorem 1.9, but we do not need them in the proof 
of Theorem 1.4, where we can use directly Proposition 9.4. 

In Sect. 9.3 we give the sufficient conditions for the homogeneity of the blow- 
up limits of a function u : D — R (Lemma 9.10). We then apply this result 
to minimizers of Fa (Proposition 9.12), but we will also use it in the context of 
Theorem 1.9. This is why the exposition contains the intermediate Lemma 9.11. 

In Sect. 9.4 we prove that the only one-homogeneous global solutions in dimen- 
sion two are the half-plane solutions (see Proposition 9.13). In particular, this means 
that d* > 3. 

In Sect.9.5 we give another proof of the fact that the minimizers of F, are 
viscosity solutions (Proposition 7.1). Our main result is Proposition 9.18, which 
applies to minimizers of F,, but also in the context of Theorem 1.9. 

Finally, in Sect. 9.6, we use the Weiss monotonicity formula to relate the energy 
density 


lim W (uxor), 
r>0 
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of a minimizer u of F,, to the Lebesgue density 


. [Qu N B; (xo)| 
lim ———————_ 
r>0 |B,| 


> 


of the set Qu, at every point of the free boundary x9 € 0&2, (Lemma 9.20). 
Moreover, we characterize the regular part of the free boundary Reg(dQ,,) in terms 
of the energy and the Lebesgue densities (Lemma 9.22). We will not use the results 
from Sect. 9.6 in the proofs of Theorems 1.2, 1.4, 1.9 and 1.10, but they remain 
an interesting application of the monotonicity formula and the homogeneity of the 
blow-up limits and were used, for instance, in the analysis of the vectorial free 
boundaries (see [41]). 


9.1 The Weiss Boundary Adjusted Energy 


Let u € H!(B,(xọ)) bea given function on the ball B, (x9) C R? and consider the 
rescaling 


1 
Ur xo E€ H! (Bı) where ur x(x) = PAGO +rx). 


We notice that the different terms of the energy Wa have the following scaling 
properties: 


1 
f [Vur x dx = > |Vul* dx , 
Bı r- JB,(xo) 


1 

2 d-1 2 yqyd-1 
un, dH = / u“ dH 
iz oe ratl 3B, (x0) 


1 
and {uxor > 0}N By) = zltu > 0} N B, (xo)| - 


Thus, we have 


Wa( DE va die 2 gy4 Å O}NB 
A (uxor) = — |Vu|" dx- -7 u + zltu > 0}NB, x0). 
r JB, (x0) K 0 B; (xo) 4 


In particular, since u is a Sobolev function, the function (xoọ,r) > Wa (Uxo,r) is 
continuous, where it is defined. We give the precise statement in the following 
lemma. 


Lemma 9.1 (Continuity of the Function (xo,r) > Wa(uxy,r)) Let D be a 
bounded open set in R? and letu € H'(D). Let 8 > O and let Ds be the set 


Ds := {x e D : dist(x,dD) < ô}. 
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Then, the function 
P, : Ds X (0, ô) TR R ? P, (xo, r) := Wa (Uxor), 


is continuous. 


Proof The continuity of the terms 


` 


1 1 
(xo, r) => =| |Vuļ? dx and — (xor)  —|{u > 0}N B, (x0) 
r r 
B, (x0) 


follows by the fact that if f : D — R is a function in L! (D), then the map 


(xo, r) Ea f(x) dx, 
B, (x0) 


is continuous, which in turn follows by the dominated convergence theorem. In 
order to prove the continuity of the function 


1 
(xo, r) E> =a | u-dH4-|, 
7 ð Br (x0) 


we consider the sequence to (xn, rn) € Ds x (0,6) converging to a point (x0, 70) € 
Ds x (0, ô). We first notice that reasoning as above, we have 


jim, | Vitex ra ll 228) = I| Vtxo,ro ll 12B and 


im, Ux ll 22B) = lluxo,roll 22B) 


Next, we notice that uv, ,,, converges weakly in H 1(B)) tO Uxp,r9- In fact, for any 
gb € CX (B1) we have 


lim Vo: Vux, r, dx = lim Í Vo(x)- Vu(xn +rnx)dx 
n> Bı n> Bı 


Y — Xn 
Tn 


=|, Vo(=—*) . vu(y) ay 


= lim ve( ) Vuo) dy 


n—oo B 


ro 
=f Vo - Vuxo,ro dx. 
Bı 
Now, since the norm of uy, ,,, converges to the norm of u xọ,rọ, we get that 


Ux, rn > Uxo,ro strongly in H! (B3). 
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By the trace inequality, we have that 
Uxn.tn — Uxoro strongly in L? (9B), 


which concludes the proof. o 


Lemma 9.2 (Derivative of the Weiss’ Energy) Let D be a bounded open set in R? 
and letu € H'(D). Let xo € D and ô = dist(xo, 0D). Then, the function ®, (xo, -) 
is differentiable almost everywhere on (0,6) and for (almost) every r € (0,65), we 
have 


0 d 
g; Waor) = —(Wa (Zxo,r) — Wa (uxo,r)) 


1 = 
+ ~ | |x - Vuxor — ian r (9.1) 
OB, 


r 


where Zx9,r : Bı —> R is the one-homogeneous extension of Ux, in By: 


Zxo,r (x) = |x| Uxor (*/|x|) . 


Proof Without loss of generality we can assume xo = 0. We recall that u, := uo. 
We first notice that the function r > |Q, M B,| is differentiable almost 
everywhere and that for almost every r € (0,5) we have 


0 1 
> (F20 81) = -lu N B, I+- Iyi- (Qu N əB;), 
which can be written as 
ð 1 d d 
o (sie. N B.I) = ——|Qy, N Bil + —|Qz,.9 Bi]. (9.2) 
or \r r r 


In fact, we have 
1 
I2, N Bi | =) HT! (Ru, N ƏB! ds = aH (Qu, 9B) = L yt (Qu N ðB,). 
0 


Thus, (9.2) implies that it is sufficient to prove (9.1) in the case A = 0. 


As above, we notice that the function r œ> |Vu k dx is differentiable almost- 
B, 
everywhere and that we have 


Əə (1l 2 d 2 1 f 2 ga;d—1 
am pe Vuļ| dx | = — —— Vul-d — Vu|“ dH 
(af u| x) a f, u| x+- a u| 


J Vudx+2 Val an 9.3 
=~ pe jy val Di all ln Ho. (9.3) 
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In order to deal with the boundary term, we first compute 


a(_1 2 di 3 2 jadi 
a i „ POH w) => j! „ OP UHO) 


=? f uey iepa o 
aB 
= ar f Ur (x> Vur) dH! (x) 
3B; 


Thus, we have 


a 1 Zyd- 2 2 qjd-1 , 2 d-1 
(m fa" dH =- fp dH tify rO YuryaH x 


(9.4) 
Now, we notice that for every r such that u, = zp € H!(əBı), we can write 


the function z- : Bı — R in polar coordinates p € (0,1], 0 € S41 as 
Zr(p,0) = p zr (1,0) and we have 


mwe)= | Vaas- | z? dH! 
Bı aB, 


1 
=f rar | (2201,0) + Iaz?) a- f z; (1,8) dé 
ä 54-1 Sd-1 


ao |Vozr|- d0 a= 2(1,8)d0 
=g Sd-1 ont d Sd-1 i 


a! 2 2 d—1 d—1 2 d=1 
= z f, (P - Yun) an -5f u? due, 


Now, putting together (9.3), (9.4) and (9.5), we get that 


ə d 1 _ 
— Wo (xr) = — (Wo (Zxo,r) — Wo(uxo,r)) + = f [xs Vitae — type dH !, 
or r r JaBy 


which concludes the proof. o 


We now define the deviation D as 


D(¢) = Ix- Vp — pP dHe"!. 
aBy 
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Thus, (9.1) can be written as 


0 d 1 
5p WA CUsor) = —(Wa (Zxor) — Wa (Uxo,r)) + =D lxo). 


In the next lemma we show that the deviation D (u xo,r ) controls the oscillation of u. 


Lemma 9.3 (The Deviation Controls the Oscillation of the Blow-Up Sequence) 
Let D be a bounded open set in R? and letu € H' (D). Let x9 € D and 
ô = dist(xo, 0D). Then, for almost every 0 < r < R < ô, we have 


1 R 
2 
lluxo,R — uxor ll Z208 = al D(uxo,s) ds. 


In particular, if D(uxg,s) = 0 for every s € (0,4), then the function ux, 5 : Bi > R 
is one-homogeneous, that is 


u(xo +rx)=ru(xoọ+x) forevery |x| <6 andevery r<l. 


Proof We set for simplicity, x9 = 0 and u, := Uuxg,r. For any x € ð B1, we have 


u(Rx) uļ(rx) f ( -(Vu)(sx) c) re 


R r S s? 


Ri 
= f = (x -Vus (x) — us (x)) ds. 
Pos 


Integrating over the sphere ð Bı and using the Cauchy-Schwarz inequality, we obtain 


Ry 2 
f jur = uau! < f (/ Fle- Vus uel ds) du?! 
OB, OB, r S 
R R 
<f (/ as) (J Jx Vs — usd) dH”! 
ð Bı r r 
(: 1 f o Jd 
= = aaa u S. 
r R/ J, 5 


which concludes the proof. o 
We conclude this subsection with the following proposition. 


Proposition 9.4 (Weiss Monotonicity Formula) Let D be a bounded open set 
in R? and let u € H'(D) be a minimizer of Fa in D. Let x9 € D and 
dxy = dist(x9,0D). Then the function r œ> W4 (Uxor) is non-decreasing on the 
interval (0, dx). 
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Proof By Lemma 9.2 we have that 


d 


ð 
aA (Uxo,r) = —(Wa (Zxo,r) —Wa (uxo,r)). 


Now, since uyg,- is a minimizer of Fa in Bı and since by definition Zxo,r = Uxo, ON 


0 
ð Bı, we get that T Wa (Uxo,r) = 0, which concludes the proof. o 
r 


9.2 Stationary Free Boundaries 


In this section we introduce the notion of a stationary free boundary (Definition 9.7) 
and we prove a monotonicity formula for the Weiss energy (Proposition 9.9). 


Lemma 9.5 (First Variation of the Energy) Suppose that D C R? is a bounded 
open set and that u € H'(D). Let E e CX(D; R?) be a given vector field with 
compact support in D and let WV; be the diffeomorphism 


W(x) =x+t&(x) forevery x eD. 


Then, 


(i) for t small enough, Y, : D —> D is a diffeomorphism and setting ®; := we), 
the function ur := u o ®; is well-defined and belongs to H! (D); 


(ii) the function t œ> |Vur le dx is differentiable at t = 0 and 
D 


ð 
z [iivurar =f (-2Vu - DEVu + |Vuļ?div £ ) dx; 
ðt |t=0 D D 


(iii) the function t œ> |Qu, O D| is differentiable at t = 0 and 


ə 
L| [Qu N DI = div é dx. 
Bhdn D= five as 


(iv) if Qu is open, if OQy is a C2 regular in D and ifu € C2(Qy), then 


a 
— [ivuPar=- f é&-v|Vul>dH*-! and 
Ot It=0 D Iu 
ð d—1 
=] Su A DI= | E- vant", 
= 


ot IQy 


where v(x) is the exterior normal to 0&2 at the point x € 0. 
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Proof The first claim follows by the fact that € is smooth and compactly supported 
in D. Thus, we start directly by proving (ii). We use the conventions 


X1 Oyu ®ı 0, P1 --- 0, Bg 
x=]: |], Vu= : , P=]: , Dd= Stet ; 
Xd qu 4 dg, --- dgPq 


for general u : R —> R and ® : R? —> R, so that 
V(u o ®)(x) = D®(x)Vu(®(x)). 


In our case u; = u o ®;, by the change of variables y = ®,;(x) (thus, x = W;(y)), 
we get 


Í |Vur 0) dx = / (DO (YC) VuQy)) (DPO) Vu(y)) [det DY O)| dy 
D D 
= i Vu(y) + ([D&r¥r()]? Dr 40) ) Va) Idet DY O)| dy 
= Í, Vu(y) ([Du O] [Du] Vu) [det DHO) dy 
We now notice that 
DW,=Id+tD—, [DY]! =Id-tDE+0(t), det DY, =1+tdiv£+0(t), 
and we calculate 
/ \Vu;|2dx = / \Vul? dx +f (IVul?aiv — 2Vu - DE Vu ) dx +o(t), 
D D D 


which concludes the proof of (ii). 
In order to prove (iii), we notice that 


XE Qu, & U(x) > 0 & (x) € u. 
This means that lg, = Ig, o ®;, and so, we can compute 
12,1= f to,(@cydx = f 19, 991 det DNO) dy 
D D 
=f (1 + t div £ (y) + o(t)) dy = |Qu| +f divé dx + o(t), 
Qu 


u 


which proves (iii). 
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We now prove (iv). Assume that u is C? in the open set Q,. Then, setting £ = 
(E1, ..., Eq) and using the convention for summation over the repeating indices, we 
compute 


|Vuļ divé — 2Vu Dé - Vu = dju diu 3j Ej — 2dju jE; Iju 

= du dju Ojj — 20; (ju Ei Oju) + 2ə;ju Eið ju 
+ 20;§; Ojju 

= 0;u0;udj;&; — 20; (ju Ei Oju) + 2djju Ei dju 

= dju dju Ojj — 20; (du i Iju) + 0;(0ju Ei Iju) 
— ðju iğ; Oju 

= —20;(ð;u & dju) + 0;(dju Ej dju) 

= div (|Vul*& — 2€ - Vu) Vu). 

Integrating by parts we obtain 


f div (Vul? =a: Vu)Vu) dx 


u 


= f (Ivu? E <v) — 2E - Vu) (Vu - v)) dut-!. 


u 


Since u = 0 on dQ, and positive in Q,, we have that Vu = v|Vu|. Thus, 
f div (Vul? Oey Vu)Vu) dx = -f [Vul E v) dHI!, 
Qu IQu 


which proves the first part of the claim (iv). The second part of (iv) follows by a 
simple integration by parts in Qu. o 


As a consequence of Lemma 9.5 we obtain that for every A € R, u € H! (D) 
and vector field £ € C? (D; IR“) we can define the first variation of F, at u in the 
direction & as 


5F 4 (u, DE] = I (-2Vu DE Vu + |Vuļ|?divE + A lo, div é) dx. (9.6) 
D 


Lemma 9.6 (The Minimizers have Zero First Variation) Let D be a bounded 
open set in R? and letu € H'(D) be a minimizer of F in D. Then, 
ôF, (u, D)[E] = 0 for every vector field E € CZ (D; R?). 


If, moreover, 0Qy is C? smooth in D, then 


|\Vul=VA on ~~ QD. (9.7) 
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Proof The first part of the statement follows directly by Lemma 9.5. In order to 
prove the second part, we notice that in the case when dQ, is smooth, we have 


dF (u, D)[E] = I (A —|Vul*)&-vdH""!, 


for every vector field £ € C°(D; R?). This implies (9.7). oO 


Definition 9.7 (Stationary Free Boundaries) Let D C R? be a bounded open set 
andu € H'(D) bea non-negative function such that 


ôF, (u, D)[E] = 0 for every vector field Ee Cm: R3). 


Then, we say that the function u and the free boundary 02, are stationary for Fa. 
As a consequence of Lemma 9.6 we obtain the following. 


Lemma 9.8 (Equipartition of the Energy) Suppose that D is a bounded open set 
in R? and u € H! (D) is a non-negative function which is stationary for F, (in the 
sense of Definition 9.7). Then, for every x9 € D and every 0 < r < dist(xo, 0D), 
we have 


1 
Wa ror) — Wa Uxor) = 5 | |x» Vitor — Uxor AHT ', (9.8) 
OB, 


where we recall that Uxy.(x) = Lu(xo + rx) and that Zx9,r is the one-homogeneous 
extension of Ux, in By, that is, Zxo,r (x) = |x|Uxo,r (*/ix1). 


Proof Without loss of generality, we assume that x9 = 0. For every e > 0, we 
consider a function ¢, € C°°(B,) such that 


1 x 
ge =1 in Baer, Vo: (x) = ~ Fe lx] +o(e) in B,\ Baer. 


Taking the vector field £ (x) = x(x) we get that 
div s (x) = de (x) + x - Vobe(x), 


DE: (x) = be (x) Id + x @ Vode (x). 
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Thus, the stationarity of u impies that 
0 = ôF; (u, D)[E] = / (-2Vu . DE Vu + |Vul2divé + A lo, div £) dx 

D 


= (-20:1Vul? — 2 - VWV e + Vu) + (dhs +x + Vh-)(IVul? +A 19,)) dx 
D 


1 . 2 
=} (a 2)|Vu]? } dA10,) $e dx + ~ | 2(~. vw) = |Vuļ? — Alg, | dx, 
B, E JB,\Bu-eyr |x| 


m 


which passing to the limit as € — 0 implies that 


a-» f Vu? dr +AA 0 Byl=r f (IVzul? — Vvu? + A19, ) aH% 
B, 3B. 


r 


(9.9) 
Since Au = 0 on Q,, we have that 
2 | |Vul?dx = af div (uVu) dx = 2 | u(v- Vu) dH !, 
By ƏB, 
which together with (9.9) implies (9.8). o 


Proposition 9.9 (Monotonicity Formula for Stationary Free Boundaries) Sup- 
pose that D is a bounded open set in R? and u € H'(D) is a non-negative 
function which is stationary for F, (in the sense of Definition 9.7). Let xọ € D 
and 8x. = dist (xo, 0D). Then the function r +> W4 (Uxo,r) is non-decreasing on the 
interval (0, ôx) and we have 


ð 2 2 yqyd-1 
— Wa (Uxor) Z= |x . Vulxo,r = U xo,r | dH . (9.10) 
or F OB 
Proof By Lemmas 9.8 and 9.2 we obtain precisely (9.10). o 


9.3 Homogeneity of the Blow-Up Limits 


In this section, we use the Weiss’ monotonicity formula to prove that the blow- 
up limits of u are one-homogeneous functions. The most general result is given in 
Lemma 9.10. We then prove the homogeneity of the blow-up limits of stationary 
functions (Lemma 9.11) and the homogeneity of the blow-up limits of minimizers 
of Fa (Proposition 9.12). 
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Lemma 9.10 Suppose that D is a bounded open set in R? and u € H'(D) isa 
non-negative function. Let x9 € D and ôx) = dist (xo, ƏD). Let rn — 0 be an 
infinitesimal sequence and let un := Ur,,xo € H!(B}). Suppose that 


(a) the limit 
L := lim Wa (ur xo), 
r>0 


exists and is finite; 
(b) un converges strongly in H! (B;) to a function Ugo € H! (B); 
(c) 1g,,, converges strongly in L! (B1) to Tai? 
(d) u% is stationary for Fa in By. 


Then u% is one-homogeneous. 
Proof Without loss of generality, we suppose that x9 = 0 and we write u;x) = Ur. 
We set for simplicity v := uoo. By the hypothesis (a), we have that, 
L = lim Wa Us,,,) for every s<(0<1. 
n>oo 


On the other hand, the strong convergence of un and 19,,, implies that 


lim Wa (Usr,) = Wa(vs), 
n—->0o 


1 
where we recall that vs (x) = —v(sx). This implies that 
s 


Wa(vs)= L for every s € (0,1], 


and, by Proposition 9.9, we obtain that 


0 2 
(= AT = | lx + Tucman, 
Os S OB, 


which, by Lemma 9.3, gives that v is one-homogeneous. o 


Lemma 9.11 (Homogeneity of the Blow-Up Limits) Suppose that D is a bounded 
open set in R? and u € H'(D) is a non-negative function which is stationary for 
Fy (in the sense of Definition 9.7). Let x9 € DN Qu, rn — 0 be an infinitesimal 
sequence and Un := Ur,,xo € H!(B;). Suppose that 


(a) un converges strongly in H!(B1) to a function Ugo € H! (B1); 
(b) Lo, converges strongly in L! (B1) to lg 


uoo’ 


Then u% is one-homogeneous. 
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Proof Since u is stationary, Lemma 9.9 implies that the function r œ> Wa (uxo,r) is 
non-decreasing in r. Thus, the limit 


L := lim Wa (uxor) = inf Wa (Uxor), 
r>0 r>0 


does exist and so the hypothesis (a) of Lemma 9.10 is fulfilled. Now, the strong 
convergence of uy, and 1g, tO Ugo and IQ, in B1, and the definition of the first 
variation ôF; (-, D) imply that u% is also stationary in B1. Thus, hypothesis (d) of 
Lemma 9.10 is also fulfilled and, so the claim follows by Lemma 9.10. o 


Proposition 9.12 (Homogeneity of the Blow-Up Limits) Suppose that D is a 
bounded open set in R? and u € H'(D) is a non-negative function and a local 
minimizer of Fa in D. Let xọ € D. Then every blow-up limit up € BUu(xo) is 
one-homogeneous. 


Proof By Lemma 9.6, every minimizer of F, is stationary for Fa. Moreover, by 
Proposition 6.2, we have that the conditions (a) and (b) of Lemma 9.11 are fulfilled. 
This concludes the proof. o 


9.4 Regularity of the Free Boundaries in Dimension Two 


The main result of this section is the following. 


Proposition 9.13 (One-Homogeneous Global Minimizers in Dimension Two) 
Letz : R? — R be a one-homogeneous global minimizer of Fa in R*. Then, 
there is v € R? such that 


Z(x) = VA (x -v)_ forevery x€ R?. 


In particular, we obtain that the critical dimension d* is at least 3 (see Defini- 
tion 1.5). 
The proof of Proposition 9.13 is based on the following lemma. 


Lemma 9.14 Let z €e H! 


loc 
homogeneous function in R?. Then, 


(RI) be a continuous and non-negative one- 


Az=0 in Q, 
if and only if, the trace c = zlaB, € H! (Ə Bı) is such that 


—Asc = (d — 1)c inthe (open) set QN Bı. 
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Proof The proof follows simply by writing the Laplacian in polar coordinates. In 
fact, we have that z(r,@) = rc(@) and 


d-1 


r 


Az(r,0) = drrz(r,9) + 


Orz(r,0) + Theta 
r 
1 
= —((d — 1)c(@) + Asc(6)), 


which concludes the proof of Lemma 9.14. o 


Proof of Proposition 9.13 Let z(r,@) = rc(@) and let Q- C S! be the set {c > 0}. 
Since c is continuous (see Sect. 3), we have that Q2, is open and so it is a countable 
union of disjoint arcs (which we identify with segments on the real line). Notice 
that Qe # S! since z(0) = 0 and z minimizes locally Fa (the local minimizers 
cannot have isolated zeros, for instance, by the density estimates from Sect. 5.1). 
Now, Lemma 9.14 implies that on each arc Z C Qe, the trace c is a solution of the 
PDE 


—c’(0)=c(@) in T, c>0 in I, c=0 on Jl. 


Thus, up to a translation Z = (0, x) and c(@) is a multiple of sin 0 on Z. Thus, Qe is 
a union of disjoint arcs, each one of length x. Thus, these arcs can be at most two. 
Now, by Lemma 2.9 and the fact that O € 0Q,, we get that |2; N Bı] < |Bi| = x 
and so, H! (Qc) < 27. This means that Qe is an arc of length x and that z is of the 
form z(x) = a (x -v), for some constant a > 0. Since z is a local minimizer in R? 
and dQ, is smooth, Lemma 6.11 implies that a = V/A, which concludes the proof. 

(m| 


9.5 The Optimality Condition on the Free Boundary: 
A Monotonicity Formula Approach 


The aim of this subsection is to give an alternative proof to the fact that the (local) 
minimizers of F; are viscosity solutions to the problem 


Au=0 in Qu, |\Vul=VA on dQy,. 


The main result of the subsection is Proposition 9.18, which can be applied not 
only to minimizers, but also to measure constrained minimizers (see Theorem 1.9 
and Sect.11). It can also be applied to a large class of problems in which a 
monotonicity formula does hold. In fact, the proof is quite robust and can be applied 
to almost-minimizers (see for instance [46]) and to vectorial problems (see [41]), 
for which the construction of competitors is typically more involved. The proof of 
Proposition 9.18 is based on the following two lemmas. Before we give the two 
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statements, we recall that, for any d > 2, we identify the (d — 1)-dimensional 
sphere S¢—! with the boundary of the unit ball dB; in R°. In particular, we will use 
the notation 


si! = {x := (x1,..., Xd) € OB, C R? : Xd > o}. 


Lemma 9.15 Suppose that c € H'(S4~!) is a continuous non-negative and non- 
constantly-vanishing function, satisfying the following conditions: 


(a) Qe C S where as usual Qe := {c > 0}; 
(b) Asc + (d — 1)c = 0 in Qe. 


Then, Qe = sq! and there is a constant a > 0 such that 


c(x) = a(x - eg)+ for every x € OB. 


Lemma 9.16 Suppose that c € H'(S4~!) is a continuous non-negative function, 
satisfying the following conditions: 


(a) ST! CQ. = {c > 0}; 
(b) Asc + (d — 1)c = 0 in Qe. 


Then, c is given by one of the following functions: 


(i) c(x) = a(x - e4)+, where a > 0 is a positive constant; 
(ii) c(x) = a(x -eg)4 + B(x: eg)_, where a > 0 and B > 0. 


In the proofs of Lemmas 9.15 and 9.16 we will use the following well-known 
result, whose proof we the leave to the reader. 


Lemma 9.17 (Variational Characterization of the Principal Eigenvalue) Let 
Q c ST! be a connected open subset of the unit sphere. Let @ € Hj (2) bea 
given non-zero function. Then, the following are equivalent: 


(i) p > Oin Q, f do = |, and there is à > 0 for which @ solves the PDE 
Q 
—Asd=)d in Q 
in the usual weak sense: 


f Vov- vendo => | nao for every n € Hg(Q); 
Q Q 


(ii) @ is the unique (up to a sign) solution of the variational problem 


min{ f |Voy|? d0 : we HA(Q), I vdeo = 1], 
Q Q 
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Proof of Lemma 9.15 Since the linear functions are one-homogeneous and har- 
monic in R@, we have that the function 


$1 (0) = (0 - ea)+, 
defined on the sphere solves the equation 
—As¢ = (d—-1)¢) in SH. 


-1 
In particular, setting ag := ( | g ao) , we get that œqġı is the unique 
gd-l 


minimizer of 
d-1=min] | \Vewl2 dé : ye HSD, f ydo =1}. 
gil gil 
+ + 


On the other hand, c € Hy (so) and solves the equation — Asc = (d — 1)c in Qe. 
Thus, 


Í Vac? ao = f Vcd = (d -1) | edo =d-1) | c? dé, 
st} Q Qe se} 


which means that (up to a multiplicative constant) c is a solution of the same 
problem. Thus, the uniqueness of ¢; gives the claim. o 


Proof of Lemma 9.16 Let Qe be the connected component of (2, containing simi; 
and let ¢ be the restriction of c to Re. Thus, Qe = {¢ > 0} and © solves the PDE 


—As¢=(d—-1)@ in Qe. 


Thus, č is the unique minimizer of 
foi min f f. |Voy|? d0 : we HER), [ y? do = 1}. 
Qe Qe 


Thus, reasoning as in the proof of Lemma 9.15, we get that Q. = s4! and that 
there is a constant œ > 0 such that 


c(0) =a(0 - eq)+. 
We now consider two cases. If Q¢ has only one connected component, then Q, = 
Qc and c = T, which concludes the proof. If Qe has more than one connected 


components, then Qe \ Qc is non-empty and is contained in the half-sphere 


St"! = {x := (x1,..., x4) € OB, C RË : xa < O}. 
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Thus, applying Lemma 9.15, we get that the restriction of c on Qe \ Qe should be of 
the form £ (0 - eg)_, for some positive constant 8, which concludes the proof. oO 


Proposition 9.18 Suppose that D C R¢ is a bounded open set and thatu € H'(D) 
is a continuous non-negative function such that: 


(a) u is harmonic in Qy = {u > O}. 
(b) Qu satisfies the upper density bound 


P [2u N B, (x0)| 
lim sup ——————— < 


1 for every Xo E€ Qu OA D. 
r>0 |B,| 


(c) For every xo € D N 0Qy and every infinitesimal sequence rn — O, there is a 
subsequence (that we still denote by r) such that the blow-up sequence ur, xo 
converges uniformly in B; to a blow-up limit up : Bı > R (uo € BU, (x0)). 

(d) Every blow-up limit BU,(x0) > uo : By — R is a one-homogeneous non- 
identically-zero function, which is stationary for the functional Fa. 


Then u satisfies the optimality condition 
|Vu| = VA on UND, 


in viscosity sense. 


Proof Suppose first that the function g touches u from below in x9 € 0Q, and 
assume that x9 = 0. Consider the blow-up sequences 


1 1 
Un(x) = z Cn) and Pn(x) = z9x), 
n n 


as rn — O, the condition (c) implies that, up to a subsequence, we have 
uo = lim un(x) and go = lim gn(x), (9.11) 
n—->oo n—->oo 


the convergence being uniform in B1. In particular, since un are harmonic in Q,,,, 
the uniform convergence of un to uo implies that also uo is harmonic on Quo- 

Notice that, as g is smooth, we have go(x) = & - x, where the vector £ € R? 
is precisely the gradient Vg(0). Without loss of generality we may assume that 
E = Aeg for some constant A > 0, thus 


IVe(O)| = |Veo0)| =A and — g(x) = Axa. (9.12) 


Moreover, we can assume that A > 0 since otherwise the inequality |V| < VA 
holds trivially. 

Now, since ug > @, we obtain that uo > O on the set {xg > 0}. Thus, uo 
is a 1-homogeneous harmonic function on the cone {ug > 0} D {xg > 0}. By 
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Lemma 9.16, there are only two possibilities: 


ug(x) = ax or uo(x) = axt + x4. 


The second case is ruled out since it contradicts (b). Thus, 


ug(x) =ax} forevery x € By. (9.13) 


Now, the stationarity of uo (condition (d)) and Lemma 9.5 imply that a = V/A. By 
the inequality uo > po, we get that VJA >A. 

Suppose now that g touches u from above at a point xo and assume that xọ = 0. 
Again, we consider the blow-up limits Uo and go defined in (9.11) and we assume 
that go is given by (9.12). Since uo is not identically zero (assumption (d)), we get 
that a > 0. Since up < pọ we have that the set {uo > 0O} is contained in the half- 
space {xg > 0}. By the one-homogeneity of uo and Lemma 9.15 we obtain that 
necessarily {uo > 0} = {xq > 0}. Thus, wo is of the form (9.13) for some a > 0. 
Now, the stationarity of uo implies that necessarily a = JK and, since up < go, we 
get that |Vg~(0)| = A > VA, which concludes the proof. oO 


9.6 Energy and Lebesgue Densities 


In this section, we prove that if u is a (local) minimizer of Fa, then at every 
boundary point x9 E€ 0&2, the Lebesgue density of the set Q, is well-defined. 
Moreover, we characterize the regular part of the free boundary in terms of the 
Lebesgue density. Most of the ideas in this section come from [41], where we used 
a similar characterization of the regular part of the vectorial free boundaries. In 
the case of the one-phase problem, we will not use this result in the proofs of 
neither of the Theorems 1.2, 1.4, 1.9 nor 1.10; we give it here only for the sake 
of completeness. The precise statement is the following: 


Proposition 9.19 Suppose that D C R? is a bounded open set and thatu € H'(D) 
is a non-negative function, a local minimizer of Fa in D. Then, the limit 


: [2u N B, (xo)| ; 
lim —————— exists, for every xo E€ Qu NOD. (9.14) 
r>0 |B, 


Thus, we can write 


w ND= |] an. (9.15) 


t<y<l 
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The regular and the singular parts of the free boundary are given by 


Reg (9Q,)AD=QAV ND and — Sing (02,)ND= |) QD. 
$<y<l 
(9.16) 


Moreover, for every y € [!/2, 1), we have 
Qa” AD= {x € dQ, ND : |Qu N Bil = aay, for every uo € BUy(x)}. (9.17) 


Proof The claims (9.14), (9.15) and (9.17) follow directly by Lemma 9.20 below. 
The claim (9.16), follows by Lemma 9.22. oO 


Lemma 9.20 (Energy and Lebesgue Densities) Suppose that D C R? is a 
bounded open set and that u € H'(D) is a continuous non-negative function such 
that: 


(a) For every x9 € D and every infinitesimal sequence rn — O, there is a 
subsequence (that we still denote by ry) such that: 


© Un := Ur, xo converges strongly in H'(B) to a function ug : By > R; 
e 1g,,, converges in L?(B)) to Loy): 


(As usual, we say that ug is a blow-up limit of u, and we note up € BU, (x0).) 
(b) Every blow-up limit BU,(x0) > uo : By — R is a one-homogeneous non- 
identically-zero function such that Aug = 0 in Qu N Bı. 
(c) For every xo € Qu N D, the limit 


Ou, xo) := lim Wa (ur xo) > 
r>0 
does exist. 
Then, for every xo € 0QyM D, we have that 


[2u N B, (xo)| 


1 
© (u, xo) = li 
aoe — 


Awa 


Moreover, for every uo E€ BU, (xo), we have that 


Proof We first notice that (b) implies that 


Wa (uo) = Al[Quy N Bil. 
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Let xo € Qu D and the infinitesimal sequence ry — 0 be given. Then, by (a), up 
to a subsequence, u;,, x, converges to a blow-up limit wo. Using (c) and then again 
(a), we get 

lim Wa (ur xo) = lim Wa (urn, xo) = Wa (uo). 

r>0 n—> o0 
On the other hand, the strong H i (B1) convergence of u;,, x) to uo implies that 


lim Wo(ur, xo) = Wo(uo) = 0. 
n= OO 


Then, we have 


1. : (Qu N B,,, (xo)| 
(Quo N Bil = — lim War, xo) = lim [fur xo > 0} Bi] = lim ——— 
A n->oo > noo i n—>0o rd 
which concludes the proof. o 


In the proof of Lemma 9.22, we will use the following result. 


Theorem 9.21 (The Spherical Caps Minimize à; on the Sphere) For any (quasi- 
Jopen spherical set 2 C S4~! we define the first eigenvalue 1 (Q) as 


a1 (Q) := mf f |Voc|? d0 : | 20a =1, ce m, 
Q Q 


For every open set Q C S! such that H4~!(Q) < idog we have that 
d—1 
1 (Q) > 41 (S57 ) 
with equality if and only if, up to a rotation, Q = Si, 
Lemma 9.22 (Characterization of the Regular Part of the Free Boundary) 
Suppose that D C R? is a bounded open set and that u € H!(D) is as in 


Lemma 9.20. Then, 


Qu N B 1 
lim [Sy 18 Go) | >- forevery x9 €9Q,ND. (9.18) 
r>0 |B,| 2 
Moreover, 


li [2u N B, (xo)| 1 
im ——————_ = -, 
Po aa 2 
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if and only if, every blow-up limit ug € BU, (xo) is of the form 

u(x) =(v-x)4  forsome ve R¢. (9.19) 
In particular, if u is a minimizer of Fa in D, then Reg(dQy) = of”) in D. 
Proof Suppose that xo € dQ, N D and let 


[2u N B, (xo) 
r>0 |B,| 


Let rn — 0 be an infinitesimal sequence. Then, by the assumption Lemma 5.1 (a), 
up to extracting a subsequence, we can suppose that u;,,.x, converges to a blow-up 
limit uo : R? — R. By the hypothesis Lemma 5.1 (b), we get that ug is one- 
homogeneous and harmonic in Quo N Bı. This implies that, on the sphere 0B), uo 
solves the PDE 


Asuo = (d — l)uo in Quy NOB. 
Thus, Theorem 9.21 implies that 


d 
HI! (Q, N 3B) = o, 


which by the homogeneity of uo gives that 
wd 
[Ruo N B\| = z`: 


Now, the convergence of Q to Quo implies that 


Urn,xo 


[Qu A By, (xo)| O [Run OBI] |Qug A Bil 1 
mM = lim — = — > -,İ 
n—=>00 |B, | n—>00 |By| | By | 2 


which concludes the proof of the lower bound (9.18). In the case of equality y = 1/2, 


we have that ug 


bas is precisely the first eigenvalue on the half-sphere S} whose 
1 


one-homogeneous extension is precisely (9.19). o 
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Chapter 10 A) 
Dimension of the Singular Set gasii 


In this chapter, we prove Theorem 1.4. As in the original work of Weiss (see 
[52]), we will use the so-called Federer’s dimension reduction principle, which first 
appeared in [32]. 

This chapter is organized as follows. 


e In Sect.10.1 we give the definitions of the Hausdorff measure and Hausdorff 
dimension; we also state and prove the main properties of the Hausdorff measure, 
which we will need for the proof of Theorem 1.4. 

e In Sect. 10.2 we give a general result for the convergence of the singular sets of 
a sequence of functions. 

e In Sect. 10.3 we study the structure of the singular set of the one-homogeneous 
global minimizers of F4. 

e Finally, in Sect. 10.4, we use the results of the previous subsections (Lem- 
mas 10.7 and 10.12) to prove Theorem 1.4. 


10.1 Hausdorff Measure and Hausdorff Dimension 


In this section we define the notions of Hausdorff measure and Hausdorff dimension 
and we also give their main properties. For more details, we refer to the book [31]. 
We recall that, for every s > 0, ô € (0, +00] and every set E C R4, 


lo) 
H3(E) := = inf {> (diam U;)" : for every family of sets {Uj}, 
j=l 


CO 
such that E C U U; and diam U; < ô, for every j > if, 
j=l 
(10.1) 
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where, for any s € (0, +00), the constant ws is defined as 


nl? 


“ Top+) 


Ws 


+00 
where T(s) aj x le* dx. 
0 


Definition 10.1 (Hausdorff Measure) For any s > 0, H*(£) denotes the s- 


dimensional Hausdorff measure of a set E C R? and is defined as: 


HS (E) := lim H5(£) = sup H3(£). 
804 ô>0 


Remark 10.2 The constant in (10.1) is chosen in such a way that we have 


H" (By) = |B, = oar! and H7! (B,) = doar"! 


Definition 10.3 The Hausdorff dimension of a set E C R®@ is defined as 
dimy E := inf {s >0: H(E)= o}. 


The following elementary properties of the Hausdorff measure are an immediate 
consequence of the definitions of H°, Hs and H4,. 


Proposition 10.4 (Properties of the Hausdorff Measure) 


(i) For every s > O and € (0, oo], the set functionals H? and H; are translation 
invariant and increasing with respect to the set inclusion. Moreover, we have 


H(rE)=rH(E) and H(rE)=r°H3,(E) forany ECR? and r>0. 
(ti) The function 6 +> H3 is non-decreasing in ô. In particular, we have 
H (E) < H3(E) < HS,(E) forany EC R? andany 6 > 0. 
(iii) Givens > Oand E C R®¢, we have that 
H'(E)=0 ifandonlyif H} (E) =0. 


(iv) Given a sequence of sets E; C RË, s > Oand ô € (0, +00] we have that 
q j 


Í 
C8 
X 


[0,6] 
H5 (E) < Dni (Ej) where E 
j=l j=l 


In particular, HS (E) = 0 if and only if HS (Ej) = 0, for every j > 1. 
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Lemma 10.5 (Existence of Points of Positive Density) Lets > 0 and let K C RI 
be a given set. If H*(K) > 0, then there is a point x9 € K such that 


5(K 9 B, 


s 
r>0 r 


> 0. (10.2) 


Proof Suppose that (10.2) does not hold. Then, we have 


5(K 0B, 
lim sup KE ( (x0)) 


S 
r>0 r 


= 0. (10.3) 


Let Ks, C K be the set 
Kis = {x eK : H°(KOB,(x)) < er° forevery r< ô}. 


By (10.3), we have that 


U Ks s = U Kö ij = K for every fixed e>0. (10.4) 
ô>0 


Let now ô and e be fixed and let {U;};>1 be a family of sets of diameter diam U; < 6 
such that Ks, C U U;. Then, the subadditivity of Hs gives that 


i 


HÌ (Kse) < X H3 Ui N Ke) < SWU; N Kye) 


i=l i=l 
CO CO 

<» HS (Ui N K) < 2 e(diam U;)’ 
i=l i=l 


where the last inequality holds since the set U; N K is contained in a ball of radius 
ri = diam U; < ô. 


Taking the infimum over all coverings C; with sets of diameter less than or equal to 
ô, we get that 


25 
Hs (K5) zec H5 (K5), 
Ws 
and so, for ¢ small enough, H$ (Ks) = 0, which implies that HS (Ks) = 0. 
Finally, (10.4) and the subadditivity of H°? imply that H'(K) = 0, which is a 
contradiction. o 
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Lemma 10.6 (Dimension Reduction: Lemma I) Let s > 0. Let E C R”! bea 
given set and let E=ExRcR‘. IfH*(E) = 0, then also HST (E) =0. 


Proof We will prove that H°+!(E x [0, T]) = 0 for every T > O. In fact, this 
implies that H5*!(E x [—T,T]) = 0 and since 


Ě = |] E x [- 


T>0 


we get H't (E) = 0. 
Since H’ (E) = 0, for every € > 0, there is a family of balls B,, (xi) C R¢! 
such that 


lee) 
E c| B, œD and Xori Se 
i>1 i=l 


Let now T be fixed. For every i € N, we consider the point x; € R? of coordinates 
Xi k = (xi, kri), fork = 0,1,..., Ki, where K; := [7/r;] + 1 and the family of balls 
Bar; (xik). Notice that 


"x [0,T] c U Bor, (xik) for every x € B, (xi) C RII, 
k 


Thus, the family of balls { B27; (xik) };,k is a covering of E x [0, T]. We now estimate, 


a 


oo œ Ki 
HZ (E x [0, TI) < ee (2r t! = pst > ye 


i=] k=1 i=1 k=1 


= 2st! X (Ki + 1)rit! =a T ps, 


i=l 


3 


where the last inequality follows by the fact that, for T large enough, 


2T 
E E E 
Fi ri 


Thus, we get 
[0.0] 
HZ (E x [0, TI) < YT Y r? < 2+ Te, 
i=1 


which concludes the proof. o 
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10.2 Convergence of the Singular Sets 


In this section we will prove a general result (Lemma 10.7) for the convergence 
of the singular sets, which applies both to minimizers of Fa (Theorem 1.4) and to 
measure-constrained minimizers (Theorem 1.9). Recall that, if D c R? is an open 
set, u : D — R a given (continuous and non-negative) function, then for every ball 
B,(xo) C D, we define 


1 
uxor : Bı > R, Ux r(x) = (xo + rx). 


We say that a boundary point x9 € 08, N D is regular (and we write xo € 
Reg(dQ,,)), if there is a sequence r, —> O such that 


„im luxor, — Avila) = 0, 
where for simplicity we set 
hy(x) = VA (e+ v)4, 
and we recall that 
|luxo,r, — Av lsg = |ju(x) — hy (x — xo) l| LSB, (x0) 
We say that a point x is singular if it is not regular, that is, if 


xo E Sing (INu) := (Qu N D) \ Reg(dQ,). 


Lemma 10.7 (Convergence of the Singular Sets) Suppose that D C R? is a 
bounded open set. Let un : D — R be a sequence of continuous non-negative 
Junctions satisfying the following conditions: 


(a) Uniform ¢-regularity. There are constants € > 0 and R > Q such that the 
following holds: 
ifn € N, xo € Qu, N D andr € (0, R) are such that B, (xo) C D and 


llun — hv C — xo)llLo (B x0) < er forsome v € ðB, 
then OQy, = Reg (Nu, ) in Br(xo). 
(b) Uniform non-degeneracy. There are constants k > 0 and ro > 0 such that 
the following holds: ifn € N, x9 € Qu, O D andr € (0,rọ) are such that 
B, (xo) C D, then 


llun |l L©(B,(x0)) Z KF - 
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(c) Uniform convergence. The sequence uy converges locally uniformly in D to a 
(continuous and non-negative) function uo : D > R. 


Then, for every compact set K C D, the following claim does hold: 


For every open set U C D containing Sing (Qu) N K, 
there exists no E N such that: (10.5) 
Sing (0Qy,) OK CU forevery n>no. 


In particular, for every s > 0, 


Hy, (Sing Ruo) N K) > lim sup Hh (Sing (Qu) 0 K). (10.6) 


n—> Ooo 


Proof The semicontinuity of the Hausdorff measure (10.6) follows by (10.5) and 
the definition of H$. Thus, it is sufficient to prove (10.5). Arguing by contradiction, 
we suppose that there are a compact set K C D and an open set U C D such that 


Sing (Qu) AK C U, 
but (up to extracting a subsequence of un) there is a sequence 
Xn € Sing (Qu) N K N (RË \ U). 
Up to extracting a further sequence we may assume that there is a point xo such that 
xo€ KN(R4\U) and x= lim xn. 


We claim that x9 € 3Nuo. Indeed, the uniform convergence of u, implies that 
uo(xo) = 0. On the other hand, the non-degeneracy hypothesis (b) implies that, 
for every r > 0 small enough, 


lluollLæ(B,&0)) = lim inf (llun llc, ceo) = llun — uollL=cB, co) 
Bas r 
2 lim inf ||un L°(BraGn)) Z K7» 
which gives that x9 € 3 Quo- 
Now, we notice that, since U contains Sing(dQy,) ON K and xo ¢ U, we have 


that 


xo E€ Reg(dQu). 
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By definition of Reg(dQ,,.), there is a sequence r, — O and a unit vector v € ð Bı 
such that 


. 1 
dim A luo — hy (- — xo)ll L= (B, (xo)) = 0- 


In particular, there exists r € (0, R) such that B, (xo) C D and 
E 
luo(x) — hy ( — xoll LB, (20) < ri 


By the continuity of uo and hy, we get that, for n large enough, 


2e 
luo — hv (e — Xn) \IL~(B, (x,)) < za 
Since, un converges to uo locally uniformly in D, we get that, for n large enough, 


lun — hy ( — Xn) || LB, Cn) <Er. 


Thus, (a) implies that x, € Reg (9 Nu, ), in contradiction with the initial assumption. 
o 


10.3 Dimension Reduction 


In this section, we study the singularities of the global one-homogeneous minimizers 
of Fa. In particular, we prove Theorem 1.4 in the case when u is one-homogeneous. 
This (significant) simplification is essential for the proof of Theorem 1.4 since 
we already know that the blow-up limits of a local minimizer are global one- 
homogeneous minimizers and we will prove (see Lemma 10.7) that the dimension of 
the singular set of a blow-up limit does not decrease if we choose the free boundary 
point to have non-zero Hausdorff density (see Lemma 10.5). 


Remark 10.8 (The Singular Set of a One-Homogeneous Function Is a Cone) 
Suppose that z : R? — R is a non-negative one-homogeneous local minimizer 
of Fa in R°. Then, for any singular free boundary point xọ € Sing (3N) \ {0}, 
we have that {txo : t € R} C Sing (dQ,). This claim follows by the fact that 
Reg (0{2,,) is a cone. and that 


Sing (3N) = IN; \ Reg (AQ). 


Lemma 10.9 (Blow-Up Limits of One-Homogeneous Functions) Letz : R? > R 
be a one-homogeneous locally Lipschitz continuous function. Let O 4 xo € OQ. 
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Let rn —> 0 and Zr, x) be a a blow-up sequence converging locally uniformly to a 
function zo : R? —> R. Then zo is invariant in the direction xọ, that is, 


zo(x + txo) = zo(x) forevery xeR andevery teR. 


Proof Lett € R be fixed. Then, we have 


: . 1 
zo(x + txo) = Em, Zr_.xo(X + txo) = im —2(xo + rn (x + txo)) 
n 


7 1+trn ' 1 
= lim = lim — + £ j 
jim, — z(xo + E? x) = lim = z(xo + rax) = zo(x) 


where the third inequality follows by the homogeneity of z and the fourth inequality 
follows by the Lipschitz continuity of z. Precisely, setting L = ||Vz||z0(B,(x9)), WE 
have 


1+ trp Tn 1 
Z(xo + x) — —2Z(xX0 + 9px | 
| Tn (x0 im” z nx) 
< t |z| (xo + — Jea z(xo + — x) = z(xo + ra x)| 
= 1+ try Tn 1+ trp 
fable! Vtr2L |x| 
T T+tr, th ltt’ 
which converges to zero as n —> œo. o 


Lemma 10.10 (Translation Invariant Global Minimizers) Let u : R! > R 
be a non-negative function, u € HL (Re) and let i : R? > R be the function 
defined by 


a(x) = u(x’) forevery x =(x',xa) € RI, 


Then, u a local minimizer of Fa in R?! if and only if ù a local minimizer of F, in 
R. 


Proof Suppose first that ŭ is not a local minimizer of F4. Then, there is a function 
Ù : R?  R such that ğ = 0 outside the cylinder Cr := Br x (—R, R) C R! xR 
and such that F4 (ù, CR) > Fa (Ù, CR). 


Fau Be) = f |Vv u|? dx’ + A |B} N {u > 0}| 
Br 


1 z3 : 1 7 
=e V A N S 
F (f ü| dx + A |Cr (a > o|) spi Č CR) 
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Loo 1 pn - 

> zp ^Ū CR) = zg (f. [Vol dx + A |CrN {i > 0) 
1 R 

> p | (fh ioe’ sw ae’ + ABRO Cra) > 0|) dxa 
2R J-r (JB, 


IV 


> 


i [Ver 30’, 2 dx’ + A |BR A {iC 1) > 0} 
Br 


for some t € (—R, R), which exists due to the mean-value theorem. Thus, also u is 
not a local minimizer of F4. 

Conversely, suppose that u is not a local minimizer of Fa. Then, there is a 
function v : R?! —> R such that u = v outside a ball Bh c R@! and 
F, (u, Ba) > Fa (v, Bp). We now define the function 


Dx’, xa) = v(x p (xa), 
where for any t > 0, we define the function ¢; : R > [0, 1] as 


1 if |xa| <t, 
0 if |xal>t+l1, 
X@tt+l if —t-—l1l< x4 <-t, 


Qi (xa) := 
xa—t if t<xg<t+l. 
Then, 
Vail? < [Vy vl? + V Legs \Cre 


[Cr N {0 > 0} = 20 + 1)|BRN {v > 0} 


x 


where Cry := Bh x (—t, t). Thus, we have 


Fa CrD = f IVP dx + Ales {ë > 0)| 


R,t+1 
< 2tF, (w, BR) + 2 | v? dx’ +2|Br N {v > 0}]. 
Br 
Choosing ¢ large enough, we have that 


2tFa(v, BR) + af v? dx! +2|Br N {v > 0}| < 2t F1 (u, Bh). 
Br 
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Since, 
Fa (Ŭŭ, Crit) = 2(t + 1)Fa U, BR), 
we get that 
Fav, CR s41) < Fa (t, Crit), 
which concludes the proof. o 


Lemma 10.11 (Singular One-Homogeneous Global Minimizers in R”) Let z : 
RÝ —> Rbea non-negative one-homogeneous local minimizer of F in R”. Then, 
one of the following does hold: 


(1) z(x) = VA (x - v) for some v € RT” (in this case Sing (0Q,) = Ø); 
(2) Sing (0Q,) = {0}. 


In other words, 
Sing (392z) \ {0} = Ø. 


In particular, this means that dimy Sing (0Q,) = 0. 


Proof Suppose that there is a point x9 € R? \ {0} such that xo € Sing (3N). Then, 
by Remark 10.8 we have that txo € Sing (0Q,) for every t € R. In particular, we 
can suppose that |xo| = 1 and, without loss of generality, we set x9 = eg. Let now zo 
be a blow-up limit of z at xo. Then, zo is a one-homogeneous local minimizer of Fa. 
Moreover, by Lemma 10.9 we have that zo(x’,t) = zo(x’,0) for every x’ € R?! 
Now, Lemma 10.10 implies that the function z := zo(-,0) : R?! > R is still a 
local minimizer of Fa. Moreover, the origin 0’ € R¢~! is a singular point for dQ. 
in contradiction with the definition of d*. o 


Lemma 10.12 (Dimension Reduction: Lemma I) Suppose that d > d* and that 
z: R? —> R is a non-negative one-homogeneous local minimizer of Fa in R4. 
Then, 


qe et (Sing (9Q,))=0 for every s>0. 


Proof Lets > 0 be fixed. The claim in the case d = d* follows by Lemma 10.11. 
We will prove the claim by induction. Indeed, suppose that the claim holds in 
dimension d — 1, with d — 1 > d*, and let z : RI + Rbea non-negative one- 
homogeneous local minimizer. If such that H4~¢°+® (Sing (8Q:)) > 0, then, by 
Lemma 10.5, there is a point x9 € Sing (0Q,), a constant € > 0 and a sequence 
rn — 0 such that 


HITS (Sing (922) N B,, (x0)) = erg“ ** — forevery nn EN, 
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which can be re-written as 
HIT (Sing (9Q,,) N Bı) >e forevery neN, (10.7) 


where we have set zn (x) := +z + rnx). 

Without loss of generality, we can assume that xọ = eq. Now, up to a 
subsequence, z, converges to a blow-up limit zo of z. By Lemma 10.9 and 
Lemma 10.10, we have that: 


(1) zo(x’, xa) = zo(x’, 0) for every x’ € R¢~! and every xa € R; 
(2) Zo := zo(-,0) : RI! + Ris one-homogeneous local minimizer of Fa in 
Ret. 


By hypothesis, we have that 
HEAS (Sing (8Q,,)) = 0. 
The translation invariance of z 9 now implies that 
Sing (0Q,,) = Sing OR) xR, 
so, Lemma 10.6 gives 
HITS (Sing (IQ) = 0, 


which is a contradiction with (10.6) of Lemma 10.7 and (10.7). oO 


10.4 Proof of Theorem 1.4 


In this section, we will give an estimate on the dimension of the singular set. The 
result is more general and applies to different situations, for instance to almost- 
minimizers and measure-constrained minimizers. 


Proposition 10.13 (Dimension of the Singular Set) Let D C R? be a bounded 
open set and u : D — R a continuous non-negative function. Let the regular and 
singular sets Reg(dQ,) and Sing(0Q,,) of the free boundary 0Q,) D be defined as 
in the beginning of Sect. 10.2. Suppose that u satisfies the following hypotheses: 


(a) e-regularity. There are constants € > 0 and R > Q such that the following 
holds: 
If xo € Qu, O D andr e (0, R) are such that B, (xo) C D and 
|u(x) — VA ((x — xo): V)+ Il L2°(B, (x0) <er forsome veoB,, (10.8) 


then 02, = Reg (0Q,) in Bp(xo). 
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(b) Non-degeneracy. There are constants k > 0 and ro > 0 such that the following 
holds: ifn € N, x9 € Qu N D andr € (0,709) are such that B, (xo) C D, then 


llull Lo(B, (x0) Z KF - 


(c) Convergence of the blow-up sequences. Every blow-up sequence 
1 
Ury xo (X) = —u(xo + rnx), 
Tn 


with xo € Qu D and ry, — O, admits a subsequence that converges locally 
uniformly to a blow-up limit uo : R4 > R. 

(d) Homogeneity and minimality of the blow-up limits. Every blow-up limit of u 
is a one-homogeneous global minimizer of Fa in R¢. 


Then, 


(i) ifd < d*, then Sing (0Q,,) is empty; 
(ii) ifd = d*, then Sing (0Q,) is locally finite; 
(iii) ifd > d*, then dimų Sing (0Q,,) < d — d*. 


Proof Suppose first that d < d*. Let xo € 0QyD and let r, > 0 be a infinitesimal 
sequence such that u;,, x, converges locally uniformly to a blow-up limit uo (such 
a sequence exists by the hypothesis (b)). By (c), uo is a one-homogeneous local 
minimizer of Fa in Rf. By definition of d*, we get that Sing (Qu) = Ø. This 
means that every blow-up limit of uo is of the form V/A (x - v)+, for some v € OB). 
In particular, it holds for every blow-up limit in zero. Since uo is one-homogeneous, 
the blow-up of uo in zero is uo itself and so, 


uo(x) = VA (x -v)4 for some v € ðB]. 
Thus, for n large enough, we get that 
lurr) — VA v)4+leecay < E, 


which, by the definition of u;,, x) gives precisely (10.8). Thus, by (a), we get that 
xo is a regular point, x9 € Reg (dQ,). Since xg is arbitrary, we conclude that 
Sing (0Q,) = Ø. 

Let now d = d*. Suppose by contradiction that there is a sequence of points 
Xn € Sing (0Q,,) converging to a point xg € DN Sing (0Q,). Let ry := |x, —xo|. Up 
to extracting a subsequence, we can assume that the blow-up sequence uy := Ur, xo 
converges to a blow-up limit ug : R? —> R. By (c), ug is a one-homogeneous local 
minimizer of F, in R. On the other hand, notice that for every n > 0 the point 
FE a € OB, is a singular point for u,. Up to extracting a subsequence, we 
may assume that &, converges to a point & € 3 Bı. By Lemma 10.7, we get that 
Eo € Sing (3 Nuo), in contradiction with Lemma 10.11. 


10.4 Proof of Theorem 1.4 161 


Finally, we consider the case d > d*. Let s > 0 be fixed. We will 
prove that HIT +s (Sing ONRu)) = 0. Suppose that this is not the case and 


HITS (Sing (AQ,)) > 0. By Lemma 10.5 we have that there is a point 
xo € Sing (dQ,,) and a sequence rn — 0 such that 


HIT + (Sing (Qu) N By, (x0)) > erit, 
Taking, un = Ur, xo, We get that 
H4-4"+5 (Sing (8Qu,) N B1) > €. 


Using (b), we can suppose that, up to extracting a subsequence, un converges to a 
blow-up limit uo. By (c), uo is a one-homogeneous minimizer of Fa in R7. Now, 
Lemma 10.7, we get that H47" +s (Sing (3NRu)N B1) = £, which is in contradiction 
with Lemma 10.12. oO 


Open Access This chapter is licensed under the terms of the Creative Commons Attribution 4.0 
International License (http://creativecommons.org/licenses/by/4.0/), which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate 
credit to the original author(s) and the source, provide a link to the Creative Commons license and 
indicate if changes were made. 

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. 


Chapter 11 ® 
Regularity of the Free Boundary od 
for Measure Constrained Minimizers 


Let D be a connected bounded open set in R? and let v € H!(D) be a given non- 
negative function. This chapter is dedicated to the problem 


min | Fo(u, D) : u € H'(D), u — v € HÈ(D), |Qu N D| = m}, (11.1) 


where m € (0, |D]) is a fixed constant and we recall that 
Fo(u, D) = f |Vuļ? dx. 
D 


In this chapter, we give the main steps of the proof of Theorem 1.9. 


e Section 11.1. Existence of minimizers. 
In this section, we prove that (11.1) admits a solution and that every solution is a 
non-negative subharmonic function (see Proposition 11.1). 

e Section 11.2. Euler-Lagrange equations. 
In this section, we prove that if u is a solution to (11.1), then there exists a 
Lagrange multiplier A > 0 such that the first variation of Fa vanishes, that is, 


ôF, (u, D)[E]=0 forevery €€ CX (D; R3). 


e Section 11.3. Strict positivity of the Lagrange multiplier. 
In this section we prove that A > 0. 

e Section 11.4. Convergence of the Lagrange multipliers. 
In this section, we prove a technical lemma, that we will use several times in 
the next section. Roughly speaing, we show that if un is a sequence of solutions 
converging to a solution u, then also the sequence of Lagrange multipliers 
converge to the Lagrange multipliers of u. 

e Section 11.5. Almost optimality of u at small scales. 
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In this section, we show that if u is a solution to (11.1), then it minimizes FA 
in every ball B,, up to an error that depends on the radius r and vanishes as 
r — 0. At this point, the regularity of the free boundary (Theorem 1.9) follows 
by the same arguments that we used for Theorem 1.2 and Theorem 1.4, the 
necessary modifications being pointed out in the sketch of the proof given in the 
introduction. 


11.1 Existence of Minimizers 


In this section we prove that there is a solution to the problem (11.1). This follows 
by a standard argument which can be divided in two steps. We will first show that 
there is a solution u to the auxiliary problem 


min | Fo(u, D) : u € H'(D), u — v € HÈ(D), |Q} N D| < m}, (11.2) 
where for simplicity we set 
Of = Qu, = {u > 0}. 


Then we will prove that the constraint is saturated, that is, every solution u of (11.2) 
is such that |Q,| = |Q} | = m. We give the details in the following proposition. 


Proposition 11.1 (Existence of Minimizers) Let D be a connected bounded open 
set in Rf, v € H'(D) be a non-negative function and 0 < m < |D]. Then, 


(i) there is a solution to the variational problem (11.1); 
(ii) the function u € H'(D) is a solution to (11.1) if and only if it is a solution 
to (11.2); 
(iti) every solution (to (11.1) and (11.2)) is a non-negative subharmonic function in 
D and, in particular, is defined at every point of D. 


Proof We will proceed in several steps. 

Step 1. There is a solution to the auxiliary problem (11.2). This follows by a direct 
argument. Indeed, let u, be a minimizing sequence for (11.2), that is, un — v € 
Hj (D), |2} N D| < m and 


lim Fo(un, D) = inf | Fotu, D) : u € H! (D), u—v € HÈ(D), |Q} N D| < m}. 
n—> oo 


Then, up to a subsequence, un converges weakly in H! (D), strongly in L? (D) and 
pointwise a.e. in D to a function uœ € H'(D) such that u% — v € Hy (D). Then, 
we have 


Fo(Uoo, D) < liminf Fo(un, D), 
noo 
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and, by the pointwise convergence of Up to Ugo, 
Ltugo>0} < liminf 141,,>0) and {uo > 0} < liminf |{u, > O}| < m, 
n—-> Oo no 


which means that uo is a solution to (11.2). 

Step 2. Every solution u to (11.2) is non-negative. Indeed, this follows simply by the 
fact that if u = u, — u— is a solution to (11.2), then the function w+ still satisfies 
the constraints u+ — v € HA (Q) and |u, | < m, and we have 


Folu, D) = Fo(us, D) + Fo(u-, D) < Folu+, D), 


with an equality if and only if u- = 0. 
Step 3. Every solution u to (11.2) is subharmonic. This follows by the fact that 


Fou, D) < Folo, D), 


for every < u with the same boundary values as u. In particular, this means that u 
is defined pointwise. In fact, we simply consider the representative of u defined as 


u(xo) := lim u(x)dx = lim u dH” !. 
r>0 J B, (x0) r>0 J3 B, (x0) 


Step 4. Every solution u to (11.2) satisfies the condition |&2,,| = m. Indeed, suppose 
that this is not the case. Let ro > 0 be such that | B,,| < m — |Qu|. Take x9 € D and 
r < min fro, dist(xo, aD)}. Let h be the harmonic extension of u in B, (xo), that is, 
h is a solution of the PDE 


Ah=0 in B,(xo), h=u_ on 0B,(x0). 
Then, let % be the competitor defined as 
u=h in B,(xo), ŭ=u in D\B,(xo). 


Then, |{27| < m and so, the optimality of u gives 


0> Fou D)— Fo. D) = | 


vaP ax- f Vu?ax= f |V(u—h)|? dx, 
B, (x0) B, (x0) B, (x0) 


which means that h = u in B, (xo). In particular, we get that the set {u > 0} is open: 
if u(xo) > 0, then fo cx) u(x)dx > 0 for some r small enough, but then u > 0 
in B, (xo) because it coincides with its (non-zero) harmonic extension. On the other 
hand {u > 0} is also closed. Indeed, if there is a sequence of points x, converging 
to xo such that u(x,) > 0, then the harmonic extension of u in B, (xo) is non-zero, 
so it is strictly positive, and so, u(xo) > 0. Since D is connected, this means that 
{u > 0} = D, which is a contradiction with the fact that |Q,,| < m < |D]. 
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Step 5.u € H! (D) is a solution to (11.2) if and only if it is a solution to (11.1). This 
is a trivial consequence of Step 4. o 


In the rest of this section, without loss of generality, we will only consider 
functions u € H!(D), which are non-negative and satisfy the following optimality 
condition: 

v—u € Hh(D), 


Fo(u, D) < Fo(v, D) forevery ve H!(D) such that 
RA = |Quy|. 


(11.3) 


11.2 Euler-Lagrange Equation 


In this section, we will prove the existence of a Lagrange multiplier for functions 
satisfying (11.3). We will follow step-by-step the proof from [46]. Our main result 
is the following. 


Proposition 11.2 (Euler-Lagrange Equation) Let D C R? be a connected 
bounded open set and let the non-negative function u : D — R be a solution 
of (11.3). Then, there is a constant Ay, > Q such that 


bdFo(u, D)[E] + Ay f divé dx = 0 for every Ee C% (D; R). (11.4) 
Qu 


We start with the following lemma. 


Lemma 11.3 (Variation of the Measure) Let D be a connected open set in RI 
and let Q C D be a Lebesgue measurable set such that 0 < |9| < | D|. Then, there 
is a smooth vector field & € CY (D; R) such that 


Í div dx = 1. 
2 
Proof Assume, by contradiction, that we have 
f div é dx = 0 for every E e CX (D; R2). (11.5) 
Q 


In particular, for every ball Bp (xo) C D, we may choose & to be the vector field 


E(x) = (x — xo) be (x), 
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where 
l+ep , 
O<¢-<1 and |V| < —— in Bp(x0), 
Ep 


ge =1 in Bpa-ə)(x0) and s =0 on ðB (x0). 


By (11.5), we have 
0= | div é dx = i, (dh: (x) + (x — xo) - Vee (x)) dx. 
Q Q 
Passing to the limit as e — 0, we obtain 


d| N Bp(xo)| — p HT! (QN ABp(xo)) = 0. 


In particular, we get that 


a (2 N Bo(xo)| 
a Set: 
dp p? 


which means that the function p œ> p~2|QN Bp(xo)| is constant. In particular, 
if xo € B, is a point of zero Lebesgue density for Q, then Q has zero Lebesgue 
measure in a neighborhood of xo. Precisely, setting r(x) := dist (x, R? \ D) we 
have that 


If x9 €Q, then [2N Breo) = 0. (11.6) 


Now, notice that (11.6) is both an open and a closed subset of D. Since, by 
hypothesis, D is connected, we have that Q@ = D or Q® = Ø, which concludes 
the proof. o 


Proof of Proposition 11.2 Let € CX(D; RZ). Using the notations from 
Lemma 9.5, for any (small enough) t € R, we set 


Y, = Id +té, =U! and m:=uo0 Y. 


By Lemma 9.5, we have that 


(u| = [Qu +f div € dx + o(t) and 


Qu 


Fo(ur, D) = Fo(u, D) + t dFo(u, DIE] + o(t). 
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Now, let the vector field & € C?°(D; IR“) be such that 


f div żodx = 1. 
Qu 


We are now going to prove that (11.4) holds with 
Ay := —ôFo(u, D)[éo]. 


We fix € € CX (D; R?) and we consider two cases. 
Case 1. div é dx = 0. 


Qu 
Let &; := E — néo , where 7 > 0 is a real constant. Then, we have 


f div é dx = —n. 


U 


Setting u, = u o ®,, where ®, := (Id + tél, we have that, for t > 0 small 
enough, 


ur€Hy(D) and — |Qu, | < |Qul. 
By Proposition 11.1 (see Step 5 of the proof), we have that 
Fo(u, D) < Fo(ur, D). 

Taking the derivative at t = 0, we obtain 

dFo(u, D)[éi] 2 0, 
which can be re-written as 

dFo(u, DIE] = n dFo(u, D)léo]. 

Since 7 is arbitrary, we can deduce that 

dF o(u, D)[E] = 0. 
Finally, repeating the same argument for —& instead of £, we obtain that 

dFo(u, D)[E] = 0, 


which concludes the proof of (11.4) in this case. 
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Case 2. Í div £ dx £0. 
Qu 


Let & := E — J div € dx. Then l div é dx = 0 and, by Case 1, we obtain 


u U 


0 = ô. Fo(u, D)[é2] = ô Fou, D)[E] — 6Fotu, Diso f div § dx 


u 


STe DE + Ay f divé dx, 


Uu 


which concludes the proof of (11.4). 

It only remains to prove that A, > 0. Indeed, let u; = u o ®;, where ®, = 
(Id — t&)~!. For t > 0 small enough, we have that |Qu,| < [Qu]. We reason as in 
Case 1. By Proposition 11.1, we get that Fo(u, D) < Fo(u;, D). Then, taking the 
derivative at t = 0, we deduce 


Ay := 6Fo(u, D)[—&o] = 0. 


The strict positivity of A, is more involved and follows by Proposition 11.4, which 
we prove in the next subsection. o 


11.3 Strict Positivity of the Lagrange Multiplier 


In this section we prove that the Lagrange multiplier from Proposition 11.2 is strictly 
positive. Precisely, we will show that a function, which is critical for the functional 
Fo has a monotone Almgren frequency function N (r). Now, the monotonicity of 
the frequency function implies that u cannot decay too fast around the free boundary 
points. On the other hand, if u is harmonic in Q,, then we can use a Caccioppoli 
inequality to show that if the Lebesgue density of Q, is too small, then the decay 
of u on the balls of radius r should be very fast. The combination of these two 
estimates implies that the Lebesgue density of 2, should be bounded from below at 
every point of D. In particular, there cannot be points of zero Lebesgue density for 
Q, in D. The results from this subsection come directly from [46], but this unique- 
continuation argument goes back to the work of Garofalo and Lin [34]. The main 
result of this subsection is the following. 


Proposition 11.4 Let D be a connected open set in R@. Suppose that u € H'(D) 
is a non-identically-zero function such that 


(a) u is a solution of the equation 


Au=0 in Q, = {u 40}; 
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(b) u satisfies the extremality condition 
bFo(u)[E] =O forevery E € CX(D; R®), 


where 5Fo(u)[&] is the first variation of Fo in the direction & and is given by 


5Fo(u)lé] = f [2Vu . DE(Vu) — |Vul aiv] dx. (11.7) 
D 


Then, |D \ Qy| = 0. 


Remark 11.5 It is sufficient to prove Proposition 11.4 in the case u > 0. In fact, if 
u : D — R satisfies the hypotheses (a) and (b) above, then the function |u| : D— R 
satisfies the same hypotheses. 


In the proof of Proposition 11.4 we will use the following Faber-Krahn-type 
inequality, which was first proved in [10] (we report here the original proof). 


Lemma 11.6 (A Faber-Krahn Inequality, [10]) There is a dimensional constant 
Ca > 0 such that for every ball B, C R? and every function v € H'(B,) satisfying 


we have the inequality 


5 I% O B- 
v^ dx < Car ar dx, (11.8) 
B, IBA 


where we recall that Qy = {v # 0}. 
Proof We first notice that: 


e We can assume that v is non-negative in B,. In fact, for every v € H! (B,), we 
have that |v| € H! (B,) and the following identities do hold: 


Qy = Qj» v =v? and |Vv|7 = |V|o]|?. 


e We can assume that r = 1. Indeed, setting v, (x) = v(rx), we have that 


|Qy N By | = rfl, N Bil, [ vacar f v2 dx, 
B, Bı 


|Vv|? dx = fe] |Vv,|7 dx. 
B, Bı 


We now proceed with the proof of (11.8) in the case r = 1 and v > 0 on By. 
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Step 1. We claim that there is a dimensional constant Ciso > 0 such that 
= 1 
AT < Ciso Per(Q; B,) forevery Q C B, with |Q|< 5|Brl. (11.9) 


where Per(Q; B,) is the relative perimeter in the sense of De Giorgi. The claim 
follows by a standard compactness argument. 

Step 2. Letn € N and let D, = {x - vy > 0}A {x - v2 > 0} be the unbounded 
domain formed by the intersection of the two hyperplanes {x - vı = O} and {x- v2 = 
0} forming (an interior) angle 27/n. We claim that, for every Q C By, satisfying 
IQ] < 4, there is a radius p > 0 such that 


IB, N Dnl =|2) and  Per(Bp N Dn; Dn) < Per(Q; Bi). (11.10) 


Indeed, for every Q, there is a unique p > 0 such that |Bp O Dn| = |Q]. We set 
Q* := Bp N Dn. Then, we have 


—(d-W/d Va 


2 Per(Bp) = Lr Per(Q*; Dn). 
dwj 


a bal = aie p, ali Z 


d of 
Now, the isoperimetric inequality (11.9) implies 


Va 


/ 

= = n 

Per (9; D) = Creol QI = Crol = Cigo Taz Per (Q; Dn). 
4 


Taking n large enough, such that nila = Cio dof’, we get P(Q; D) > 
Per(Q*; Dn), which proves (11.10). 

Step 3. For every non-negative function v € H! (B1) we define the symmetrized 
function v, € H!(D,,) obtained through the symmetrization of each level of v, that 
is, 


{us > t} = {v > t}* for every t>0. 


We claim that 


/ vtdx = f vdx and f Voaz < f |Vv|?dx. (11.11) 
n Bı n Bı 


The first part of (11.11) follows by the area formula 


[0,6] [0,0] 
i dx = | tl{vy. > nlar = f rity > ile = f v dx, 
Dn 0 0 By 
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while for the second part we will use the co-area formula. Indeed, setting 


FO = {v > BY = fv" > t}, 


we have 


n |Vv]? dx = T S Vv dH!) dt 
Í > C [Vv]! an) (Hiv =i b)) at 


‘ise : 
f IOT (H(t =1}N B1)) dt 


I 


[- C [Vv ant!) (Hn, =} N D,)) at 


too 
= (f [Vos dH!) a= f |Vv,|2 dx, 
0 {vx=t} Dn 


where the first inequality follows by Cauchy-Schwartz and the second one is a 
consequence of (11.10). 

Step 4. We claim that there is a constant Cg, > 0, depending only on d and n, 
such that 


IV 


© 


IV 


“or (H (lvs =t}N D,)) dt 


© 


i v2 dx < Can vs > al f [Vux|2 dx. (11.12) 
Dn Dn 


Let 3, : R? > R be the radially decreasing function defined by 
Ux (x) = ve (Y), 


where y € D, is any point such that |x| = |y|. By the classical Faber-Krahn 
inequality in Rf, there is a dimensional constant C4 such that 


T dx < Ca|{ix > oë f |Vi,|? dx. 
R4 R4 


11.3 Strict Positivity of the Lagrange Multiplier 173 


which gives that 


/ ug dx < Can |{v, > a f [Vux|? dx, 


n n 


which is precisely (11.12). This, together with (11.11), concludes the proof. o 


In the next lemma, we prove that the Almgren frequency function is monotone. 
This is a classical result, which was first proved by Almgren [2]. 


Lemma 11.7 (Almgren Monotonicity Formula) Letu € H! (Bp). Forr € (0, R], 
we define 


no = f u“dHT! and Do):= f Wulax, 
OB, B, 


and, if H (r) 4 0, we define the Almgren frequency function 


rD(r) 


N(r) := HO 


Suppose that u is a solution of the equation 
Au =0 in Q, = {u 40}; 
and satisfies the extremality condition 
d6Fo(u)[E] =O forevery Ee C% (BR; R?), 


where 5Fo(u)[&] is given by (11.7). If moreover, H > 0 on the interval (a,b) C 
(0, R), then the frequency function N is non-decreasing on (a, b). 


Proof We first calculate the derivative of H 
d—1 ð 
H'(r) = —H (r) +r! — / u? (rx) dH?! (x) 
F or əðBı 


d—-1 3 d—1 
= — a) +2f u—dHe = Hr) +2 f \Vul2 dx, 
F OB, 0 r B, 


n 


which we rewrite as 


H'(r) = Aol GtG: (11.13) 
r 
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Next, we notice that the extremality condition 67o(u) = 0 gives that the following 
equipartition of the energy does hold: 


ə 2 
o=-a-2 f IwuPas +r f Vu and! — 2r f (=) dH !, 
B, 3B, ap, \On 


which can be rewritten as 
, au\? d-1 
—(d —2)D(r)+rD‘(r) = 2r —) dH’. 
3B, on 


We now compute the derivative of N. 


D(r)H(r)+rD'(r)H(r) —rD(r)H'(r) 


Nr) = HI) 


D(r)H(r)+rD'(r)H(r)—rD(r) (Saw) + 2D(r)) 


A? (r) 
_—(d-2)D(r)H(r)+ rD'(r)H (r) — 2r D? (r) 
7 H*(r) 
or uN? ai 3 
= Be (1 (=) dH" — D*(r)}. (11.14) 


Notice that, since u is harmonic in Q,,, we have 


ð 
Diy = f IVuPax = Í u dye), 
B, aB, On 


and so, by the Cauchy-Schwarz inequality and (11.14) we obtain N’(r) > 0. o 


Remark 11.8 (The Derivative of ln H) Notice that, by (11.13), we get that 


d H (r) N(r) 
< oe [5 ) -220 (11.15) 


We are now in position to prove Proposition 11.4. 


Proof of Proposition 11.4 Let xo = 0 € D. We set H(r), D(r) and N(r) to be 
as in Lemma 11.7 and Remark 11.8. Let ro > 0 be such that B, (xo) C D and 
H (ro) > 0. Since u € H'!(D), there is some ¢ > 0 such that H > 0 on the interval 
(ro — £, ro). Then, the function r + N(r) is non-decreasing in r and so 


N(r) < N(ro) forevery ro—e <r < ro. 
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By (11.15), we have 


u [ie (=S) = PARA < N. (11.16) 


rd-l ro r 


and integrating we get 


H (ro) H(r) ro 
log | —-— }—log | -zr | < log (=) 2N (ro) for every ro-€ <r < ro. 
i re r 


This means that, for every £ > 0, H is bounded from below by a positive constant 
on the interval [ro — £, ro]. In particular, H > 0 on (0, ro]. Thus, we can take ¢ = ro. 
Let now, r € (0,ro/2]. Integrating the inequality (11.16) from r to 2r, we get 


A(2 
log (=) < (d — 1) log2 + 2log 2 N (ro). 


This implies that 
H(2r) < 251400 H (r)  forevery 0<rx< 7 


Integrating once more in r we get 


f u? dx < ained] u?dx  forevery 0<r< > (11.17) 
Boy 


B, 


We next prove a Caccioppoli inequality for u in the ball B2. Indeed, let @ € 
ce (R¢ ) be a cut-off function such that 


ġ=1 in B,, ¢=0 on R4\B,, O<@<1 and |Vd|<2/r in By,\B,. 


Since, u is harmonic in Q, the following Caccioppoli inequality does hold: 


f IWuPax < f vaoa = | (u?|Vol? + Vu - Vug®)) dx 
B, Boy Boy 


4 
=f iver dx- f ug?audx= | iverars f u dx. 
Bar Boy Boy p Bar 


On the other hand, by Lemma 11.6, there is a dimensional constant Cg > 0 such 
that: 


Qu N B, \" Q,0B,| 1 
/ u dx < Ca (222) / |Vul- dx whenever fe ae zal <. 
j: |B;| |B,| 2 
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This, together with the Caccioppoli and the doubling inequality (11.17), gives that 


Z/a 
I u dx < ca (Se) anoo f u dx. 
r 4 r 


Since, f u dx > 0, we get that there is a dimensional constant Cg such that 
B, 


. 1 1 [Ru N B;| ro 

min } =, — ;; < —— for every O<r<—. 
2? Cg2N Cod |B,| 2 

In particular, we have a lower density bound for Q, at every point of D, which 

implies that |D \ Q,,| = 0 and concludes the proof. o 


11.4 Convergence of the Lagrange Multipliers 


In this section we prove that the Lagrange multipliers, associated to the solutions of 
variational problems with measure constraint in a fixed connected open set D C R¢, 
are continuous with respect to variations of the constraint. This fact will be used 
several times in the proof of the optimality of the blow-up limits. In the next Lemma, 
which comes directly from [46], we will use the notation 


8Vol (Q)[E] =} divé dx, 
Q 


for every Lebesgue measurable set Q C R? and every vector field £ € CX (RI; RI). 


Lemma 11.9 (Convergence of the Lagrange Multipliers) Let D be a connected 
bounded open set in R? and let u € Hj (D) be a non-negative function for 
which (11.3) does hold. Let Ay be the Lagrange multiplier from (11.4) in D. 
Let B C D be a connected bounded open set such that 0 < m := [S2uNB] < |B|. 
Let (mn)n>1 be a sequence such that im. My, = mand let un € H! (B) bea 


solution (which exists due to Proposition 11.1) to the problem 


min Í Fo(v, B) : v € H!(B), v—u € HEB), |Q| = mn} (11.18) 
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Then, we have: 


(i) for every n, there is a Lagrange multiplier ^u, > 0 for which 


5Fo(un. BE] + Ay, 5Vol (Quy, )[E]=0 forevery €€ C~(B;R4), 
(11.19) 


(ti) for every n, there is a vector field &, € CÙ (B; IR?) such that 
b5Fo(un, B)[En] + Au, = 0 and 6 Vol (Qu, [En] = 1. (11.20) 


(iii) Un converges strongly in He (D) and pointwise almost everywhere to a function 
Uoo, Which is a solution to the problem 


min | Fo(v, B) : v € H'(B), v—u € He(B), |Q| = m}; (11.21) 


(iv) the sequence of characteristic functions 1g,,, converges to 19,,,, pointwise 
almost everywhere and strongly in L?(D); 

(v) lim Ay, = Au, where Ay,, > 0 is the Lagrange multiplier of uœ in B, that 
no 


1S, 


Uses Uoo 


b5Fo (Uo, BYE] + Aun Vol (Qu, [E] = 0 for every EECHK(B; R1), 


(11.22) 


Uoo 


(vi) Suppose that B # D and that there is a connected component C of D \ B such 
that 


0 < |Q, NC] < |C], 


then Ay, = Au. 


Proof The existence of a solution un follows from Proposition 11.1. The existence 
of a Lagrange multiplier A,, and a vector field & € Coo (B; R?) with the 
properties (11.20) follows by Proposition 11.2. Let & € C? (B; R?) be a vector 
field such that 


ôFolu, BYE] + Au =0 and — dVol (2, )[éo] = 1. 


Setting u; := u o (Id + té)~!, we get that, for t small enough, u; — u € Hy (D). 
Moreover, to every n large enough, we can associate a unique tn € R such that 


u — u, € HÈ(B) and (Qu, | = Mn = [Qu |- 


Thus, we can use us, as a test function in (11.18). Thus, there is a constant C 
depending only on u and & such that, for every n large enough (say n > no for 
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some no € N), we have 
Fo(un, B) < Foun, B) < C. 


Then the sequence (un)n>1 is uniformly bounded in H I(B) and so, up to a 
subsequence, un converges weakly in H!, strongly in L? and pointwise almost 
everywhere to a function uœ € H 1(B) such that uœ — u € Hy (B). In particular, 
the pointwise convergence of un to uoo implies that 


los < liminf Lo,- 


Thus, we get that 
|Q 


uso! < iminfm, = m, 


and so, the minimality of u implies that 
Fo(u, B) < Foluoo, B). 
On the other hand, the weak H! convergence of un gives that 


Fo (Uoco, B) < liminf Fo(un, B) < liminf Fo(uz,, B) = Fou, B), 
noo noo 


so, we get Fo(Uco, B) = Fo(u, B). Thus, uœ is a solution to (11.21) and |Qy,, 
m. Moreover, using again the optimality of un and the fact that u;, converges to u, 
we obtain 


lim sup Fo (un, B) < lim sup Fo(u;,, B) =Fo(u, B) < Fo(oo, B) <liminf Fo(un, B), 
nN—- Oo 


now noo 


which gives that 


lim Fon; B) = Fo(Uco, B). 
n—> Oo 


Since un converges strongly in L?(B) and weakly in H'(B) to woo, we get that the 
convergence of un tO Uo is strong in H! (B). 

We next prove (iv). We will first show that 1g,, convergence strongly in L?(B) 
to Taino: 

Indeed, we first notice that, up to a subsequence, there is h € L*(B) such that 
1g, — h weakly in L? (B). On the other hand, the pointwise convergence of un to 
Uoo implies that 

Io. < liminf Lo,- 

n> oo 


uoo 
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Thus, for any non-negative function g € L*(B), the Fatou Lemma implies that 


f 19,.¢ax < f timinttg,, pdx < timint f tondr = | hodx, 
B B B B 


which yields lg, < h. In particular, 


uo — 


2 
Well 295 2 uel =m. 


On the other hand, the weak L? convergence of 1g, to h gives that 


un 


2 icc 2 z 
<= =— — 
Alp 2B) = lim inf | 1o, IIn2¢B) im, Mn m. 


Asa consequence, 


2 mE 2 a 
Vallee ca = i Men z2) = 


which implies that 1g, converges to A strongly in L?(B). Now, since 


= Mm, 


Lr < h and Alle ocey = [Qu 


we get thath = lo from which we conclude that lo 


uoo?’ 


converges to lo, 
strongly in L?(B), and so, up to a subsequence La, converges to 1Q,,, pointwise 
almost everywhere. 


un 


We now prove (v). We first notice that u and uo are both solutions of (11.21). By 
Proposition 11.2, there is a Lagrange multiplier Ago := Aus > 0 such that (11.22) 
does hold. Moreover, by (iii) and (iv), we get that, for every fixed £ € C°(B; R), 


8Foluo, BYE] = lim 8Fol(un, BYE] 


8VOl (2,.)[E] = lim 8Vol (Qu, EI. 


Now, choosing any £ € C (B; R2) such that 


/ divé dx £0, 
Q 


and using (11.22) and (11.19) we get that A„„ converges to Ago. 
We prove the last claim (vi). Indeed, since 


Fo(u, B) = Fo(uco, B) and (Qual = [Qu N B| =m, 


Uoo 
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we get that the function 


~ Ju% in B 
u in D\B, 


is in H!(D) and is a solution to the problem 
min Í Fo(v, D) : v € H! (D), v—u € HÈ(D), |Qy| = iui. 
In particular, % is a critical point of F4 „ in the entire D, that is, 
b6Fo(u, D)[E] + Agod Vol (Q7z)[E] = 0 for every £ € CZ (D; R?). 


On the other hand, in the connected component C, we have that % = u and so, there 
is a vector field &) € C2°(C; R?) such that 5 Vol (Qu [ég] = Vol (Q7)[G] = 1. This 
implies that 


Aco = Acod Vol (Oz) LE] = —6 Fo, DLE] 
= —5F(u, D)[£0] = Aud Vol (Qu)[Eo] = Au» 


which concludes the proof. o 


11.5 Almost Optimality of u at Small Scales 


Let D C Rf be a connected bounded open set and u : D — R be a non-negative 
function satisfying (11.3). In this section, we will prove the following result, which 
is analogous to the results of Briançon [5], Briançon-Lamboley [6], and the more 
recent [46], which are all dedicated to different (and technically more involved) free 
boundary problems arising in Shape Optimization. 


Proposition 11.10 Let D be a connected bounded open set in R? and let u € 
H! (D) be a non-negative function satisfying (11.3). Let A > 0 be the corresponding 
Lagrange multiplier, that is, A is such that 5F,(u, D) = 0. Let B C D be a ball 
such that: 


e 0< |Q, N B| < |B|; 
° D \B is connected: 
e 0< |u ND\B]|< |D\B]. 
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Then, for every € > 0, there exists r > 0 such that u satisfies the following optimality 
conditions in every B;(xo) C B: 


v — u € Hy (Br(x0)), 


Fase, D) < Fase(v, D) for every v € H! (D) such that 
|Qu| < [Qv]. 


(11.23) 


v — u € Hy (Br (x0)), 


Fr—¢(u, D) < Fa—e(v, D) for every v € H! (D) such that 
[Qu] > [2v]. 


(11.24) 


Remark 11.11 An immediate consequence of the inwards (11.24) and the out- 
wards (11.23) optimality is that u satisfies the following almost-minimality con- 
dition: 


Fa (u, D) < Fa (v, D) + €|B,| for every v € H! (D) 


such that v — u € H (B, (xo)). 


In order to prove Proposition 11.10 we will use the contradiction argument of 
Briançon [5]. The proof presented here follows step-by-step the exposition from 
[46] and uses only the existence of a Lagrange multiplier, variations with respect 
to smooth vector fields and elementary variational arguments. Roughly speaking, 
the main idea is to replace the localization condition u — v € Hy (B;) in (11.24) 
and (11.23) by a bound on the measure of Qy, |Qy| < |Q,| + ô, for which the 
passages to the limit are somehow easier. Proposition 11.10 is a direct consequence 
of Proposition 11.16 


Remark 11.12 We notice that we work in the ball B C D only because of the fact 
that we will use several times the convergence of the Lagrange multipliers associated 
to solutions of auxiliary problems. Indeed, in order to assure the convergence of 
these Lagrange multipliers to A (the Lagrange multiplier of the solution u), we 
need to work strictly inside the domain D (see Lemma 11.9, claim (vi)). 


Definition 11.13 (Upper and Lower Lagrange Multipliers) We fix u, D and B 
to be as in Proposition 11.10. We set m := |Q, N B|. For any constant ô > 0, we 
define the upper Lagrange multiplier w+ (6) as follows: 


u+ (8) = inf fu >0 for which (11.25) does hold } , where 


i u — v € HÈ(B), 
Fu(u, B) < Fu(v, B) forevery ve H (B) such that 
m <|Qy|<m+6. 


(11.25) 
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Analogously, we define the lower Lagrange multiplier w_ (ô): 


u-(8) = sup fu > 0 for which (11.26) does hold } , where 


1 u — v € Hi (B), 
Fy(u,B) < Fy,(v,B) forevery ve H (B) such that 
m-— ô < |Q <m. 


(11.26) 
Lemma 11.14 Suppose that D is a connected bounded open set in R@ and that 
u € H! (D) is a given non-negative function such that: 
(a) u £ 0 and |D \ Q,| > 0; 
(b) u is stationary for Fy, that is, 


ôF, (u, D)[E] = 0 for every Ee CD: R®). 


Then, we have the following claims: 


(i) Suppose that there are 8 > 0 and u > Q such that u satisfies (11.25). Then, 
A<. 

(ii) Suppose that there are 8 > O and u > 0 such that u satisfies (11.26). Then, 
A>. 


Proof Let us first prove claim (i). By Lemma 11.3 and the hypothesis (a), we get 
that there is a vector field £ € C? (D; R?) such that 


d 
SVOI (w)[E] = |,e] 5 1 


where us = uo (Id + té)—!, Since for ¢ small enough, we have that |Q,| < |Qu,| < 
|Q2,| + ô, the minimality of u gives that 


Ful, D) < Fur, D). 


Thus, taking the derivative at t = 0, we get that 


d d 
0 F , D) = — F ,D — A)— Qy,| = w—A, 
pur ) We 6 A(ur, D) + (u ee ol url u 


< 

~ dt |t=0 

which proves (1). The proof of (ii) is analogous. o 
As an immediate corollary, we obtain the following lemma. 


Lemma 11.15 (u_ < A, < u+) Let D be a connected bounded open set in RI 
andu € H! (D) be a non-negative function such that (11.3) holds. Let m = |Qy| 
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and A, > 0 be the Lagrange multiplier of u in D, that is, 
dFo(u, D)[E] + A, dVol (Q,)[E] for every E£ € CZ (D; RÎ). 
Let B, u+ (ô) and u- (ô) be as in Definition 11.13. Then, for every 6 > 0, we have 
u-(ô) < Ay < u4 (ô). 


Notice that we still might have w_(6) = 0 and w+(d6) = +o0. In Proposi- 
tion 11.16 below we will prove that this cannot occur. 


Proposition 11.16 (Convergence of the Upper and the Lower Lagrange Mul- 
tipliers) Let D be a connected bounded open set in R¢. Let u € H'(D) be 
a non-negative function satisfying the minimality condition (11.3) in D and let 
A, > 0 be the Lagrange multiplier of u in D, given by Proposition 11.2. Let B C D 
be as in Proposition 11.10. Then, we have 


li 8) = lim u- (ô) = Au. 
Jim u- (ô) lim u- (ô) u 


Proof We will work only in the ball B. The presence of the larger domain D is only 
necessary to assure the convergence of the Lagrange multipliers (see Lemma 11.9) 
for the different auxiliary problems that we will use below. We will proceed in three 
steps. 


Step 1 We will first prove that (8) < +00, for every 5 > 0. This is equivalent 
to prove that there is some u > 0, for which the minimality condition (11.25) is 
satisfied. Assume, by contradiction, that for every n > 0, there exists some function 
un € H! (B) such that 


Falun, B) < Fa(u, B),  un—ue Họ(B) and =m <|Qu, | <m+6. 
Thus, if vn is a solution of the auxiliary problem 


min { Fov, B) + n(|Qy]—m), : ve H'(B), v—u € Hy (B), || < m+ ô}, 


(11.27) 


+ 


then, we have that 


Fo(vn, B) < Fo(vn, B) + n(IQy, | = m); < Fn(un, B) +n(Qu,l = m) (11.28) 


+ 
< Fo(u, B) + n(|Qul — m), = Fo (u, B). 


Thus, by Proposition 11.1 (Step 5 of the proof), we obtain |Q,,| > m. Thus, we 
may assume 


m < |Qy,|<m+6 for every neN. 
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Using again (11.28), we obtain 
Fo(vn, B) + n(|Qv,| —m) < Fou, B), 


which, in particular, implies that 


1 
|Qy,| — m < —Fo tu, B) and lim |Qy,| =m. 
n noo 
Now, notice that, setting mn := |Qy,,|, we have that v, is a solution of 


min {Fo(v, B) : v € H'(B), v— u € Hy (B), |Qy| = mn}. 
In particular, there is a Lagrange multiplier A,,, such that 
ôFol(vn, B)[E] + Av, ô VOI (Qu, )[E] = 0 forevery &€ € CX (B; R?) 3 
and a vector field &) € C? (B; R) such that 
Vol (Qu lén] = 1. 


We set vf = vno (Id+té,)~!. Choosing t > 0 small enough and n € N big enough, 
we get 


1 
vi —u € H(B) and am <|Qy| <m+—Fo(u,B)<m+65. 
n n 


Then, by (11.27), we have 


Folvn, B)+n(|Qy,|—m) < Fo(v},, B) +a(l2y | —m) 
= Fo(vn, B) + t 5Fo(un, Bén] + n(|Qv, | + t VOl (Qy, lén] — m) + o(t) 


= Fo(vn, B) — ty, +n(|Qu,| +t — m) + olt), 
which implies n < A,,. On the other hand, Lemma 11.9 implies that 
jim. Av, = Au < ©, 
which is a contradiction. This concludes the proof of Step 1. 


Step 2 In this step, we prove that lim u+(8) = Au. 
=> 
Let 6, be an infinitesimal decreasing sequence. We will prove that 
lim u4(ôn) = Au. 
n—>o0 
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Fix € € (0, A,,) and set a, to be 


0 < dp = M4 (ôn) — E < H4 (ôn). 


We will show that, for n big enough, a, < A,. Let un € H!(B) be solution to the 
auxiliary problem 


min | Fo(v, B)+on(|Qy]|—m), : vE H! (B), v—u € HÈ(D), |Q] < m+n}. 
(11.29) 


We consider two cases: 
Case I (of Step 2). Suppose that |Q,,,| < m. Then, the optimality of u gives 


Fo(u, B) < Fo(un, B). 
On the other hand, the optimality of un gives 


Fo(u, B) + æn (| Qu | = m) = Fo(u, B) + @n (|Qul = m) < Fo(un, B) + æn (lu, | = m), 


< Fo(v, B) + an (|Qy]| — m) , = Fow, B) + an(|Qy| — m), 


for every v € H'(B) such that u — v € Hy (B) and m < |Qy| < m + ôn, which 
contradicts the definition of u4 (ôn). 

Case 2 (of Step 2). Suppose that m < |Qy,| < m + ôn. Notice that, setting mn := 
|Q2,,,|, the solution uv, to (11.29) is also a solution to the problem 


min | Fo(v, B) : ve H'(B), v—u € HB), |2| = mn}. 


By Proposition 11.2, there is a Lagrange multiplier A,,,, > 0 such that 
dFo(un, B)[E] + Ay, ô VOl (Qu [E] =0 forevery & € CY(B;; RI), 


and a vector field £, € C2°(B;; R?) such that 5Vol (Qu, )[En] = 1. 
We set ut, = Uno (id +t&)7). By the minimality of un, fort < 0 small enough, 
we have 
Fon, B)+an(|Qu, | = m) < Fotui,, B)+ an (lul = m) 
= Fo(un, B) + t Fo(un, B)lEn] + &n(|Ru, | + t 5Vol (Qu, én] — m) + o(t) 


= Fo(un, B) — t ^u, + an (|Qu, | +t— m) + o(t), 
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from which we deduce that A,,, > œn. Now, by Lemma 11.9 we get that 


un 2 
lim u4(ôn)=£+ lim a, <e+ lim Ay, = E + Ay. 
noo nN—- Oo n—> o0 


Since A, < u4+(ôn) and £ > 0 is arbitrary, we get the claim of Step 2. 
Step 3 Jn this last step we will prove that lim u-(8) = Ay. 


It is sufficient to show that, for aby decreasing infinitesimal sequence ôn — 0, we 
have 


Ay = lim u-(ôn), 
n—>00 


Precisely, we will show that for any fixed constant € > 0, we have A, — € < 
lim u-(ôn). 
n—> oo 


Let By := u- (ôn) + £ and u, be a solution of the problem 
min | Fo(v, B)+ Bn (|@|—(m—bn)), : v € H'(B), v—-u € Ho (B), [Qo] < m}. 


We consider three cases: 

Case 1 (of Step 3). Suppose that |Qy,,| = m. 

By the minimality of u, we have that Fo(u, B) < Fo(un, B). Now, the minimality 
of un, gives that, for every v € H!(B) such that v — u € HÈ (B) and m — ôn < 
|Qy| < m, we have 


Fo(u, B) + Bnl|Qul < Fon, B) + Pnl Qu, l < Folv, B) + Bnl Qu, 


which contradicts the definition of u- (ôn). 
Case 2 (of Step 3). Suppose that |Qu,| < m — ôn. 
Then we have 


Folun, B) < Folun + tọ, B), 


for every p € C? (B) with sufficiently small compact support. This implies that un 
is harmonic in B. By the strong maximum principle, we obtain that either u, = 0 
or un > Oin B, which is impossible for n large enough. 

Case 3 (of Step 3). Suppose that m — ôn < |Qu,| < m. 

We set my := |Qu, |. Then, un is a solution to the problem 


min | Fo(v, B) : v € H'(B), v—u € HA(B), |Q| = mn} 
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By Proposition 11.2, there is a Lagrange multiplier A,,,, > 0 such that 
5Fo(un, B)[E] + Au, Vol (Quy, )[E] =0 forevery & € C7 (B; R), 


and a vector field &, € C? (B; R2) such that 5 Vol (Qu, lén] = 1. 
We set ul, := un o (Id + t&)~!. Let t > 0 be small enough. Then u‘, is such that 


u — ve Ha(B) and — [Qu] = mn <|Qy| =m, +t + ot) <m. 
Thus, by the minimality of un, we get 


Folun, B)+Bn(|Quy| — (m — 8n)) < Foun, B) + Bn (lRu,| — (m — ôn)) 
< Fo(ul,, B) + tdFo(un, B)[En] 
+ Bn (|Qu,| + t 8Vol (Qu, lén] — Cn — 8n)) + 00) 
= Folun, B) — Aut + Bn(|Quy| +t — (m — ôn)) + 0(t), 


which implies that 
Au, < Bn = H- (ôn) + €. 
Finally, by Lemma 11.9, we get 
Au = lim Au, < lim wn) +e, 


which concludes the proof. o 
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Chapter 12 A) 
An Epiperimetric Inequality Approach Chente; 
to the Regularity of the One-Phase Free 
Boundaries 


Throughout this chapter, we will use the notation 


Wo(u) =j Vuar- f u” dH! and W(u) = Wo(u) + {u > 0}N Bil, 
Bı aBy 


where B4 is the unit ball in R4, d > 2andu € H'(B)). 

The aim of this chapter is to prove an epiperimetric inequality for the energy W 
in dimension two. As a consequence, we will obtain the C! regularity of the one- 
phase free boundaries in dimension two (see Proposition 12.13). Our main result is 
the following. 


Theorem 12.1 (Epiperimetric Inequality for the Flat Free Boundaries) There 
are constants 69 > 0 and € > Q such that: ifc € H! (Bı) is a non-negative 
function on the boundary of the disk Bı C R? and 


x — ôo <H'({c > 0}N 9B) < x + ôo, 
then, there exists a (non-negative) function h € H! (B1) such that h = c on 3B; and 
x T 
Wh) - > <0- (WO - =), (12.1) 


z € H'(B)) being the one-homogeneous extension of c in By, that is, 


2(x) = |[x|c @/ix1). 


Remark 12.2 On the figures in this section, we will use the following convention: 


¢ E is the support Q, = {h > 0} of the competitor h; 
e œ is the support Q; = {z > 0} of the one-homogeneous function z; 
e / isthe boundary 9 Qp; 
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e / isthe boundary 0Q,; 
e / is the common boundary dQ; N IN. 


In Theorem 12.1 the main assumption on the trace c is that the set Qe C Bı 
is close to the half-sphere. In [49, Theorem 1] the epiperimetric inequality was 
proved under the different assumption that the trace is non-degenerate. In fact, 
the epiperimetric inequality (12.1) holds without any assumption on the trace 
c : 0B, — R or its free boundary Ne C 0B}. Indeed, in the Appendix, we will 
prove the following result, which covers both Theorem 12.1 and [49, Theorem 1]. 


Theorem 12.3 (Epiperimetric Inequality) There is a constant € > 0 such that: If 
c € H! (Bı) is a non-negative function on the boundary of the disk Bı C R? then, 
there exists a (non-negative) function h € H! (B) such that (12.1) holds and h = c 
on ð B]. 


Remark 12.4 (The Epiperimetric Inequality in Dimension d > 2) In higher 
dimension, the epiperimetric inequality for the one-phase energy is still an open 
problem. We expect that it will still be true under the assumption that the spherical 
set Qe is close to the half-sphere with respect to the Hausdorff distance. Indeed, it is 
an immediate consequence from the results in [29] that the epiperimetric inequality 
holds when the free boundary Qe is a C>% regular graph (in the sphere) over the 
equator. 


We stress that in higher dimension the epiperimetric inequality can hold only under 
some additional assumption on the distance from the trace to the half-plane solution. 
Indeed, if this was not the case (and so, the epiperimetric inequality was true in 
dimension d without any assumption on the trace), then the singular set would be 
empty in any dimension. This is due to the following remark. 


Remark 12.5 (The Epiperimetric Inequality Implies Regularity in Any Dimension) 
We claim that if u is a local minimizer of F; in a neighborhood of xo and 


W rao) = E < (1 = (Wr) - Z), (12.2) 


holds, for every r > 0, then xo is a regular point. This is due to the following facts: 


e A point x9 € dQ, is regular, of and only if, the Lebesgue density of Qu at xo is 
precisely equal to 1/2 (see Lemma 9.22). 
e There are no points of Lebesgue density smaller than !/2 (Lemma 9.22). 
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¢ The function r > W (ur xo) is non-decreasing and the limit 
ity W tr) 
is precisely the Lebesgue density of Q, at x9 (see Lemma 9.20); in particular 
W (ur xo) — 24/2 > 0 for every r>0. 


e Suppose that the epiperimetric inequality (12.2) holds for every r > 0. Then, by 
the Weiss formula (Lemma 9.2) we obtain the following bound on the energy 


W (ur xo) — 4/2 < Cr®, 


for some a > 0 depending on € (this was proved in (12.28), which is the first 
step of the proof of Lemma 12.14). Since W (ur xo) — D is non-negative, we get 
that 
lim W (ur s) = = 
ap Vrm =g 
In particular, xo is a point of Lebesgue density 1/2 and so, it should be a regular 
point, as mentioned in the first bullet above. 


As a consequence of Remark 12.5 at the singular points of the free boundary (12.2) 
cannot hold, which means that in higher dimension the epiperimetric inequality can 
only be true under the additional assumption that the trace on 0B, is close (in some 
sense) to a half-plane solution. 

In this chapter, we will prove Theorem 12.1 and we will show that it implies the 
regularity of the free boundary (Proposition 12.13). The proof of Theorem 12.1 will 
be a consequence of the following two lemmas. The first one (Lemma 12.6) is based 
on a PDE argument which does not depend on the geometry of the free boundary; 
this lemma is proved in Sect. 12.5 and holds in any dimension d > 2. The second 
lemma (Lemma 12.7) reflects the interaction of the free boundary with the Dirichlet 
energy; we prove it in Sect. 12.3.3 and the proof strongly uses the fact that we work 
in dimension two, even if the main idea can be used also in dimension d > 2. 
Precisely, we use the Slicing Lemma (Lemma 12.10) to write the total energy as an 
integral of an energy defined on the spheres 0 B,. Then, we prove the epiperimetric 
inequality by writing the second order expansion of the spherical energy for sets 
which are graphs over the equator (that is, arcs of length close to zr). 


Lemma 12.6 Let 0B, be the unit sphere in dimension d > 2. For every k > Q, 
there are constants p € (0,1), € € (0,1) anda > 1, depending only on k and d 
such that: 

Ify € H'(9B}) satisfies the inequality 


aBa əBı 
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then, we have 
Wolhp) < (1 — €)Wo(z) and Who) < (1 —«)W(z), (12.3) 
where in polar coordinates the functions z, hp : Bı — R are given by 


Ye) 


z(r,0)=rw(@) and  hp(r,9)= (max{r — p,0})* ae 


Precisely, we can take 


e=P = (324D) * 


Lemma 12.7 (Epiperimetric Inequality for Principal Modes: The Flat Free 
Boundary Case) Let Bı be the unit ball in R?. There are constants ôo > 0 and 
€ > 0 such that the following holds. 

If the continuous non-negative function c : 8B, > R, c € H! (ðB), is a multiple 
of the first eigenfunction on {c > 0} C 0B, and 


z — ôo < H'({c > 0} N OB) < x + ôo, 
then, there exists a (non-negative) function h € H'(B;) such that h = c on 0B, and 


W(h) — 5 < (= DWO = =). 


z € H!(B;) being the one-homogeneous extension of c in Bı. Moreover, if we 
assume that the function c is of the form 


0 
c(0)= c1 sin ( L =) 10x490) forsome cı >0 andsome ô € (—ôo, 40), 
T 
then the one-homogeneous extension is given by z(r,0) = r c(0) and the competitor 
h can be chosen as (the support of h is illustrated on Fig. 12.1) 


h(r,0) = cir sin ( ) Lotte), where t(r)= (1 —3(1— r)e)ð. 


m0 
mz+t(r) 
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Fig. 12.1 The positivity sets 
Qp and Qz. Here, the trace c 
is a multiple of the first 
eigenfunction on the arc 

(0, z + 4), |5| < ôo (6 < Oon 
the left and 5 > 0 on the 
right); the competitor is 
obtained by moving the free 
boundary dQ, towards the 
line {x2 = 0} 


12.1 Preliminary Results 


In this section we prove several preliminary results that we will use in the proof of 
Theorem 12.1 (and also in the proof of Theorem 12.3). 
This section is organized as follows: 


° In Lemmas 12.8 and 12.9 we discuss the scale-invariance and the decomposition 
of the energy in orthogonal directions; both these results are implicitly contained 
in [49]. 

e The Slicing Lemma (Lemma 12.10) shows how to disintegrate the energy along 
the different spheres 0B,, 0 < r < 1. This result appeared for the first time 
in [29] and was crucial for the analysis of the free boundary around isolated 
singularities. We will use it in the proof of Lemma 12.7 (Sect. 12.3) and also in 
Sect. 12.2. 


We start with the following result, which states that once we have a competitor 
for z in B4, then we can rescale it and use it in any ball Bp (p < 1) by attaching it 
to z at ð Bp. 


Lemma 12.8 (Scaling) Suppose that z : Bı — R, z(r,0) = rc(@) is a one- 
homogeneous function and that h € H'!(B) is such that h = c = z on ðB). 
For every p € (0, 1), we set 


z(r,0) if re[p,1], 


hp(r,0) = 
ph("/o,0) if re [0, pl. 


then, we have 


W(hp) — W(z) = p4(W(h) — W(z)). 
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Proof We first compute 


wa- wo = f VhoPax- | IWeP ax = f IVapPax— f |Vzl? dx 
By By Bp B 


pP 


=p (J IVh]? dx -f IveP dx) = p"(Wo(h) — Wo(z)). 
Bı Bı 
On the other hand, for the measure term, we have 


lho > 0}N Bil — fz > OFM Bil = I{hp > OFM Bpl — [fz > 0} N Bol 
= pf (|{h > 0}N By — |{z > 0}. Bil), 


which concludes the proof. o 


Lemma 12.9 (Decomposition of the Energy) Suppose that the functions h4, h2 € 
H! (B1) are such that, for everyr € (0, 1], we have 


[ Vohı(r,0)- Veho(r,@) dé = | hı(r,0)h2(r,0) d0 = 0. 
S@-1 sa-l 


Then 
Wo(hy + h2) = Wo(h1) + Wo(h2). 


Proof The claim follows directly from the definition of Wọ and the formula 
1 
|Vh|? dx = i r4—ldr / (|a-h|? + r~*|Voh|?) d0, 
By 0 aBy 


which holds for any h € H'(B)). oO 


Lemma 12.10 (Slicing Lemma) Let B; be the unit ball in R?. Let ọ : (0, 1] x 
S! —> Rbe a function such that ġ € H!((0,1]x S!). Then, setting p (r,0) = $-(8), 
we have 


1 1 
Wo(r¢r (0)) = Fo(¢r) rar+ | Í (a-p: (0)) dr, 


and 


1 1 
wee o= f Fo@,)rar+ | Í, (8-¢(0))° r’dr, (12.4) 
0 0 JS 
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where, for any @ € H'(S}), we set 
= 2 2 1 _ 1 1 
Fold) =f (p-p) dH! and F(#) = Fo()+H' ({@ > 0n S'). 
Proof Let ¢ :]0, 1] x 0B; —> R. Then, 
wrea- f (Or +rardr)” + (300r)? ) dordar = | 970) d0 
(0) 7 = o Jsi F rfr 0Pr s! 1 
1 
= i [ (o + rar (b7) +r’ (8rdr)? + (d0r)”) dð rdr — [ p? (0) d0 
0 JS! S! 
Integrating by parts, we get that 
1 1 
/ r° (H2) dr = oy — 2 | $? rdr, 
0 0 
which implies that 
1 1 ‘4 
Wo(rd,(6)) a Foldr)rdr+ | L (a-r (0)) redr. 
In order to prove (12.4), it is sufficient to notice that 
1 
I{h > O}N Bil = f H' ({¢, > 0} N S')rdr, 
0 


where A(r,0) = ro, (0). o 
Remark 12.11 (The Energy of a One-Homogeneous Function) As an immediate 


consequence of Lemma 12.10, we get that if c € H'(aB,) and z : By > Ris 
the one homogeneous extension of c in B4, that is, z(r,0) = rc(@), then 


Wo(z) = 5 Foe) and W(z)= IFO. 
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12.2 Homogeneity Improvement of the Higher Modes: Proof 
of Lemma 12.6 


Let p € (0, 1) be fixed. We will first compute the energy of hp. For this purpose, we 
will use the Slicing Lemma; for every r € [p, 1], we set 


yj OO) VD 


a-p)" 
and we compute 
Amed A ny and 
"Pap 
E 2 (r — pyre 2 5 
L AZ (a-1+4) a rhn 


Integrating in r, we obtain 


1 
| Poora = 2 [ (r= pyr Sar 
p 


< Fo) i miid < 1 Fo) i 
(1—p) J, 2a +d —2(1— p)” 
(12.5) 


We now compute 


ri 13,2 d0 rid f ( pi: i (r — p)? ies Í 25 
A r r= æ — on n. r 
p Jsi- ká p r? r2(1— py“ s4-1 


2 i 2 rA 2a+d—3 2 
ee — 1 — ered dé. 
sarl (© +h) ea fy 


Integrating in r € [p, 1] and using that a > 1 and d > 2, we get 
1 2 2 2 
P. \ „2a+d-3 @—1) p 
— 1 2 dr =< > ——— 
J (\ +S) "S atd-2' wdi 


1 2 o 
<5(@-0 +). 
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Together with the inequality 


1 
y? dO < —Fo(w), 
s4-! K 


which we have by hypothesis, this implies 
1 1 o 
f | DeRdortar s a (@— 02+ 25) a: 
p Jsi- a -= p)” 
(12.6) 


Furthermore, it is immediate to check that for every a < 2 and p < 5 we have 


1 1 1 


In particular, 


— ~ioee 
(—p)* _ 141289 


wg ct Gp, 
2a+d—-—27~ 2a+d—27~ 2a+d-—2 


which, together with (12.5) implies: 


1 
[ Fo(br) ri ldr < Issa + 640) Foly). (12.7) 


Analogously, from (12.6), we deduce 


2 
i f \8-6,|7 d0 r4t dr < — = (( — 1) + Z) Fo(w). (12.8) 


We are now in position to estimate the difference Wo(h,) — Wo(z). First of all, we 
set 


db:=a-l. 


Using the identity (see Remark 12.11) 


1 
Wo(z) = G7 ol): 
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and the inequalities (12.7) and (12.8), we estimate 


16d (> 
Wo(hp) — Wo(z) < ( + 64d p + — iG + Z) — 1) Wo(z) 


d 

254d 5 
26 2 

< (-2 papa ~(* +£)) Wo(z). (12.9) 


We now choose 


1 


pat? and 3? —_—. 
32d2(2 + We) 


Substituting in (12.9), we obtain 
26 32d 
Wo(hp) — Woz) < (-3 64067 + =e) Wo(z) 
2 1/2 ô 
<ô a + 32d(2 + !/«)ô Wo(z) < — 7 Wo). 


In particular, the first inequality in (12.3) holds for any € < ô/a. In order to prove 
the second inequality in (12.3), we notice that, by the definition of hp, we have 


liho > 0} Bi] = A -= p)|{z > OF Bil. 
Thus, 
W(hp) — W(z) = Wo(hp) — Wolz) + iho > OF Bi| — Hz > 0} Bi | 


ô 
—5Wotz) — pltz > 0N Bil. 


IA 


Choosing 
e = 8”, 
we have that ¢ < 4/d and so, we obtain 
W(hp)— W(z) < —eW(z), 


which concludes the proof of (12.3). oO 
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12.3 Epiperimetric Inequality for the Principal Modes: Proof 
of Lemma 12.7 


We suppose that the spherical set {c > 0} is the arc (0,7 + ô), where 6 € R (and it 
might change sign). We recall that in Lemma 12.7 we assume that |5| < ĉo. Then, 
we can write the trace c in the following form 


c(@) = c1ġs(0) where cy >O and @3(0)= sin ( ig 


=) for 6€[0,7 + ô]. 


Next, for every t € R, we define the function ¢; : S! + Ras 


6.0) = sin( =~) for O€[0,7+1¢], (0) =0 for 0¢[0,7+1¢]. 
m +t 


Then set 
FO= | (WAO - 4O) d0 +H h > 0) — 
OB, 
and 
O= f AOP. 
ð Bı 
We consider the function 
t(r) := (1 -3(1— r)e)ô, 
and define the competitor hs as 


hs (r, 0) = ror) (0), (12.10) 


which we will use in both Lemmas 12.7 and A.2. 
We will show that for £ > 0 and ô > 0 small enough, we have 


W(cihs) — Z <(1— e)(W(eizs) = =), (12.11) 


where zs is the one-homogeneous extension of ġs in Bı 


zs(r,0) = ros(@). (12.12) 
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12.3.1 Reduction to the Case cı = 1 


Let hs and zs be defined by (12.10) and (12.12). We claim that if, for some ô > 0 
and € > 0, we have 


W(hs) — = < (l - «)(Ws) - Z), (12.13) 


then (12.11) does hold for every cı > 0. 
Indeed, using the homogeneity of Wo, we get that 


Wolcizs) = cp Wo(zs) and  Wolcihs) = cî Wolha). 
On the other hand, we have that 


1 
|{u > 0}N Bi| al H'({u > 0} 3B,)dr, 
0 
for every (continuous) function u : Bı —> R. Thus, 
1 1 
{zs > 0}N Bi] = f H' (fps > 0} N 3B,) dr = f H' ({5 > 0} N AB1) rdr 
0 0 
— L 5 
The analogous computation for the competitor hs gives 
1 1 
{hs > 0}N Bi| = f H' (fpr) > 0} 3Bı) rdr = / (x +t(r))rdr. 
0 0 
Putting together these computations, we obtain 
ud B T\ 2 T T 
(werd -7)-a-9(weaza- 2) =4|(wa»-ž7)-a-9(we- F)] 
1 1 
+(1 ef) (/ t(ryrdr —( -9 | srar) 
0 0 
sf Eje- ME 
= [(wis)- 5) - a-«) (Wes) - 5)] <0, 


where we used that the function t (r) is chosen in such a way that, for any ô and e, 
we have 


1 1 
f tm -a-esjrar =o f (a =30 -= r)e) — (1 — £))r dr 
0 0 


1 
= ae f (3r? — 2r) dr = 0. 
0 
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The rest of Sect. 12.3 is dedicated to the proof of (12.13). 


12.3.2 An Estimate on the Energy Gain 


The Slicing Lemma (Lemma 12.10) implies that 


1 1 
wins) = f fa rdr+ f I(r)’ g(t(r)) dr and We) = 5 f0). 


1 
We first notice that the error term i MORAU (r)) rĉdr is lower order. Precisely, 
0 


we have 
1 1 
/ I(r)? g(t(r)) r? dr = 9228? | (1—r)*g(t(r)) r? dr < Ce?8?, 
0 0 
where C is a universal numerical constant. Thus, we get 
(Wis) = =) =(L= 8) (Wes) = =) < F(6) + Ce?8?, (12.14) 


where we have set 


1 
ro=f (F(a 3(1—r)e)t) — (1 e) fO )rdr. (12.15) 
0 


We will show that F is always negative in a neighborhoods of t = 0. First of all, we 
notice that the function f can be explicitly computed. 


12.3.3 Computation of f 


We now compute 


ro- [" (Bye (Sa 


ll 
4 
4 
~ 
z 
AA + 
™ | 
See 
N 
Q 
e] 
n 
N 
D 
| 
2, 
5 
N 
D 
h a 
a 
D 
a 
~ 
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mf 1 m X nfo X 
= — | — -14+X) = =-— = -| X* - — ], 
2 +X 21+xX 2 1+x 
where we set for simplicity X = ¢/z. In particular, this implies that 


f0)=f'0)=0 and f"O= 1 l (12.16) 


Moreover, we have that 


2 


ro- an 


Ir? 


Sa for every — 1/2 < t < 1/2. (12.17) 
ud 


12.3.4 Conclusion of the Proof of Lemma 12.7 


Notice that, by using (12.16) and taking the derivative under the sign of the integral, 
we get that 


F(0) = F’(0) = 0. 


Moreover, for the second derivative, we obtain 


1 
Fo) = #0) | (1-30 —re)? - (1 — &))r dr 
0 
1 
= rof (-6a -rje +901 — r)?e? + e)r dr 
0 


1 
= rof ( — 5re + 6r7e + 9(1 — rer) dr = -Ce f” (0), 
0 
where we have set 


asali 


Thus, the second order Taylor expansion of F in zero is given by 
1 1 n 2 Ce 2 
F(0) + F’(0)t + =F" (0)t* = —— r. 
2 20 
We will next show that 


< |r? for every —!/2 <t < !/2. (12.18) 


C 
rot Se 
27 
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Indeed, using (12.17) we can compute 


= 


1 2 
f (sa -= 3(1 — r)e)t) — Sol -3(1— re) )r dr 
0 


1 t2 7 
[ (t©-Sr'o)rar 
mrp l 3 
ers (f (1-30 -ne)"rdr +8) f rar) < 


T 


Fo te Cs 2 
20 


+ (1—e) 


which gives (12.18). 
Now, using (12.14), we estimate 


(Wh) = z) - (1-8) (wes) 2 =) < F(8) + C828 


1 BEN E 
< —=— (1 — joe + |8|? + Ce?8? 
< = >): + [8/3 + Ce 


where C is the numerical constant from (12.14) and we recall that, by hypothesis, 
|18| < ôo. 


We now choose € and do. 
1 3 1 
We set e = 16x ôo. In particular, if 0 < ôo < ——, then 1 — = > —, and so 
487 2 2 


p- 
-—(1- =)5 + 8p + Ce? < —259 + bo + Ce? < —8 +2567 C8, 
IT 


. This means that in the end, choosing 


1 
which is negative, whenever 59 < ———— 
5 0 = 25672 


1 1 
5o = min | —, ——— d e= 1678p, 
0 min | 5 see E 


(12.13) holds for every ô such that || < ôo. This concludes the proof of 


Lemma 12.7. o 
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12.4 Proof of Theorem 12.1 


Since c € H!(ð3Bı), we have that c is continuous and so, the set {c > O} is a 
countable union of disjoint intervals (arcs), that is, 


fee Op= (7 


jz1 
where, by hypothesis, we have 


m — ôo <)> |Zj| < m + ôo, 
jz1 


where |Z;| = H! (Tj) denotes the length of the interval Zj. Now, we consider two 
cases: 


Case 1. There is one interval, say Z4, of length |Z1| > a — do. See Fig. 12.2. 
Case 2. All the intervals are shorter than x — do, that is, |Z;| < x — ôo, for every 
j = 1. See Fig. 12.3. 


We first notice that if p € Hj (Tj), then 


2 
I vagado > Z5 | g? do. 
T IZj\° Jz; 


J 


In particular, if |Z;| < x — do, then 


5 
i, |Voġ|? do > (1 4 2) $? do. 
Tj xJ JT; 


J 


Thus, if we are in Case 2, then the epiperimetric inequality is an immediate 
consequence of Lemma 12.6 with «x = 40/z. 


Fig. 12.2 The supports of 
the one homogeneous 
extension z (in red) and the 
competitor h (in blue); the 
trace c falls in Case 1; the 
length of Z; is smaller than 7 
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Fig. 12.3 The supports of the 
one homogeneous extension z 
(in red) and the competitor h 
(in blue) in Case 2 


Suppose that we are in Case 1. Let {@;}j>1 be a complete orthonormal system 
of eigenfunctions on the interval Z|. For every j > 1, we set cj to be the Fourier 
coefficient 


cj i= f c(0)ġ; (0) dd. 
OB, 


Then, we can decompose the trace c as 
c(0) = c191 (0) + Wi) + ¥2), 


where 


Y0) = >> joj), 
j=2 


and y7 is the restriction of c on the set U Z;. We first claim that, fori = 1,2, we 
jz2 
have 


Í lVe Yil? do > ate f y? do, (12.19) 
S! S! 
where k > 0 is a constant depending only on do. Indeed, since w2 is supported on 


U T; and since |Z;| < 240, for j > 2, we have that 
jz2 


2 
Í IVownPao Z; f y2 do. (12.20) 
S! 455 Js! 
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On the other hand, y contains only higher modes on the interval Z1. Thus, 


Í |Voyi|? do > 4n’? f y? do (12.21) 
OVI S$ or A A 
T (x + 60)? Jz, °' 


Now, choosing ôo small enough (for instance, ôo < 27/3), (12.20) and (12.21) 
imply (12.19). Let now pọ > 0 and ey > O be the constants from Lemma 12.6 
corresponding to the constant « from (12.19). Let hy, and hy, be the competitors 
from Lemma 12.6 associated to the traces yı and yr, respectively. Thus, we have 


Wol(hy,) < (1 — ey) Wo (zy) and Why.) < (1 —£€y)W (zy), (12.22) 


where zy; (r,0) := zy (0). 
Let h be the competitor from Lemma 12.7, associated to the trace c1ġ1, and let 


Z(r,0) := rc1ġı (0). 
We set 


zr,0) if re[p,1], 


ine = | p 
ph(r/e,0) if r e0, pl]. 


Thus, Lemmas 12.7 and 2.3 imply that 
Whip) - > <- ps (W®-F), (12.23) 
E being the constant from Lemma 12.7. We now define the competitor h : Bı > R 


as: 


e h=zif W(z) < 7/2, where z = Z + Zy; + Zy is the 1-homogeneous extension 
of c; 

© h=Z+hy, + hy if W(z) > 7/2, but W (Z) < 2/2; 

© h=h+hy, +hy, if W(2 > 7/2 and WÈ) > 7/2. 

The first case is trivial and the second one follows directly by (12.22). We will prove 

the epiperimetric inequality in the most interesting third case. We first notice that 

the decomposition lemma (Lemma 12.9) implies that 


W(z) = W(Z) + Wolzyi) + W (zy), 
and 


Wh) = Wp) + Wo(hy,) + W (hy), 
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where in the second decomposition, we use the fact that hy, = hy, = 0 in Bp and 
that h = Z outside By. Now, setting 


e= min{p“é, ey}, 


the epiperimetric inequality (12.1) follows by (12.22) and (12.23). oO 


12.5 Epiperimetric Inequality and Regularity of the Free 
Boundary 


In this section we will show how the epiperimetric inequality (12.1) implies the C! 
regularity of the free boundary. The main result of this section is Proposition 12.13, 
which we prove under the following assumption. 


Condition 12.12 (Epiperimetric Inequality in Dimension d > 2) We say that the 
epiperimetric inequality holds in dimension d if there are constants 5g > 0 and 
eq > 0 such that, for every non-negative one-homogeneous function z € H'(B}), 
which is ôq-flat in the ball Bı in some direction v € 0B, that is 


(x-v—dg)4 < z(x) < (x-v+ôq4)+ forevery x €B, 
there exists a non-negative function h : Bı — R such that z = h on 0B, and 


W(h)— > < -ea)(W@ = “ty. (12.24) 


Proposition 12.13 (¢-Regularity via Epiperimetric Inequality) Suppose that the 
epiperimetric inequality holds in dimension d (that is, Condition 12.12 holds). Then, 
there is a constant € > 0 such that if u : Bı —> R is a non-negative minimizer of F, 
in Bı and is €-flat in Bı in some direction v € ð Bı 


(x-v—eé)4 <u(x)<(x-v+e)+ forevery x € Bi, 


then the free boundary ðQ is cle regular in Bip. 


Proof The claim is a consequence of Lemma 12.18, Lemma 12.14 and the results 
of the previous sections. By Condition 12.12 and Lemma 12.18, we have that the 
epiperimetric inequality (12.24) holds whenever 


llur — Avilr2¢B\By) 


is small enough for some half-plane solution hy. 
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Using this, together with the Weiss’ monotonicity formula (Lemma 9.2), we get 
that the energy 


E(u) = Wu) — 2 
2 
satisfies the hypotheses of Lemma 12.14. Thus, we obtain the uniqueness of the 
blow-up limit and the decay of the blow-up sequences at every point of the free 
boundary in Bij, that is, for every xo € Bip, there is a function ux, : R? — R such 
that 


Uxy = lim Ur xo and Ilir xo = Uxollz2(aBy) = 0. 
r>0 


Moreover, ux, is a global minimizer of Fy in RI (Proposition 6.2) and is one- 
homogeneous (Proposition 9.12). Using again Lemma 12.14 (see the energy-decay 
estimate (12.28) in the first step of the proof), we get that 


tim (Wrs) - S*) =0 
T = 0. 
Thus, the strong convergence of the blow-up sequence ur xọ (Proposition 6.2) 
implies that 


wd A 
— = lim W (ur xo) = W (uxo). 
2 r>0 


By Lemma 9.22, we get that ux, is a half-plane solution. Thus, by Proposition 8.6, 
we get that the free boundary is a C! regular in Bi J2 o 


The idea that a purely variational inequality as (12.1) encodes the local behavior 
of the free boundary goes back to Reifenberg [45] who proved the regularity of 
the area-minimizing surfaces via an epiperimetric inequality for the area functional. 
Weiss was the first to prove an epiperimetric inequality in the context of a free 
boundary problem; in [53] he proved such an inequality for the obstacle problem 
and recovered the C! regularity of the (regular part of the) free boundary in any 
dimension, which was first proved by Caffarelli [11]. In [49], together with Luca 
Spolaor, we proved for the first time an epiperimetric inequality for the one-phase 
problem; in this case the interaction between the geometry of the free boundary 
and the Dirichlet energy functional is very strong and induced us to introduce the 
different constructive approach, which was the core of the previous section. In all 
these different contexts, once we have the epiperimetric inequality, we can obtain 
the regularity of the free boundary essentially by the same argument that we will 
describe in this section. The key result of this subsection is Lemma 12.14, which we 
attribute to Reifenberg, who was also the first to relate the variational epiperimetric 
inequality to the regularity of the local behavior of the free boundary (or area- 
minimizing surface). 
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Vocabulary and Notations We recall that, for any u : Bı —> R andr < 1, we use 
the notation u, to indicate the one-homogeneous rescaling of u 


uy (Xx) := Luro. 


Then, if € : H! (B1) > R is a given energy (for instance, E(u) = W1 (u) — >), 


we will use the following terminology: 


e By variation of the energy we mean the variation, with respect to r, of the 
energy E of the rescaling u,. In other words, the variation of the energy is simply 


Že (uy). 
° The energy deficit of a function v : Bı > R is the difference 
E(v) — E(u), 
where u : Bı —> R is a minimizer of € among all functions such that u = v on 


ð Bı. 
¢ The deviation of a function u : Bı —> R (from being one-homogeneous) is 


D(u) := f |x- Vu(x) — u(x)? HT! (x). 
ð Bı 


We notice that a function 


u € H! (Bı) is one-homogeneous 
< D(u,)=0 foralmost-every r e (0,1). 
Lemma 12.14 (Reifenberg [45]) Suppose that the function u € H! (B1) and the 
energy functional E : H! (B1) —> R are such that: 


(i) Minimality. u, € H! (By) minimizes £ in Bı, for every 0 <r <1, that is, 
Elur) <E(v) forevery ve H! (B), v=u, on ðB). 


(ii) The variation of the energy controls the deviation. The function r œ> E(u;) 
is non-negative, differentiable and there is a constant C2 > 0 such that 


a 
ape er) > Oa) for every 0<r<l, 
r r 
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where D is given by 
Du) := / |x - Vu(x) — u(x)? dH! (x). 
OB, 


(iii) The variation of the energy controls the energy deficit of the homogeneous 
extension. There is a constant C3 > 0 such that 


a C 
ape er) > = (E(z,) — E(ur)) for every 0<r<l, 
r r 


where zr : Bı — R is the one-homogeneous extension of the trace u,;|ap,, that 
IS, 


Zr (x) = |x|ur (/lxl). 

(iv) Epiperimetric inequality. There is a one-homogeneous function b : R? > R 
such that, if uy is close to b in B2 \ By, then an epiperimetric inequality holds 
in Bı. Precisely, there are constants £ > 0 and 64 > 0 such that: 

For every r e€ (0, !/2] satisfying 
llur — bll L2(B\ B81) S 94> (12.25) 
there is a function h, € H'(B;) such that h, = u, = zr on 0B, and 
E(hy) < (1 — £)E (zr). (12.26) 
Under the hypotheses (i), (ii), (iii) and (iv), there is ô > 0 such that, if u satisfies 
ve) + llr = bllz2(B,\ By) S ê 
then there is a unique ug € H! (B1) such that 
lur — uollz20gp) < Cr” for every O0<r<'1p, (12.27) 


where the constants y and C can be chosen as 


1 
y= 70 and C = ô4. 


Remark 12.15 If the epiperimetric inequality (12.26) holds without the closeness 
assumption (12.25), then the Step 4 of the proof of Lemma 12.14 can be omitted. 
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Remark 12.16 The energy to which we will apply Lemma 12.14 is the Weiss’ 
boundary adjusted energy 


ew = wi = | IvuP ax — f u? dH4—! + |{u > OFM Bil. 
OB, 


Bı 


In this case, both (ii) and (iii) are implied by the Weiss’ formula (Lemma 9.2). 


Remark 12.17 In our case, the function b from assumption (iv) is the half-plane 
solution b(x) = (x - v)+ for some v € ð B1. Notice, that this does not mean that the 
blow-up limit uo of u, is equal to b. In fact, it may happen that the blow-up limit 
is another half-plane solution b(x) = (x - v)+, with v, which is close to v. More 
generally, this lemma can be applied to situations in which ug is not just a rotation 
of b, but is a completely different function. This happens for instance at isolated 
singularities in higher dimension (see [29]). 


Proof of Lemma 12.14 Let now 0 < p < 1/2 be the smallest non-negative number 
such that 


lu, — bll p2¢By\ By) < 54 forevery r € (p, 1/2], 


and so, we can apply the epiperimetric inequality (12.26) for every u, with r € 
(p, 1/2]. Notice that, since b is 1-homogeneous, a simple change of variables gives 
that 


lur = r Olu — bl 


— b|? 
L?(B2\B1) (Bar \ By)” 


Thus, by choosing 5 < 4¢+764, we get that 


< 441+2 


_d42 
y=r 7 |lu — dilz2B,\B,) S llu — bll2(B,\ Big)» 


llur — b|| 12(B:\B; 


for every 1/8 < r < 1/2. Thus, p < 1/8. 
We divide the proof in several steps. 


Step 1: The Epiperimetric Inequality Implies the Decay of the Energy 
Letr € (p, 1/2]. By (iii), (iv) and the minimality of u, (assumption (i)), we have 


a C 
EUN = FEG- Elur)) 


Z Slem) +E El) — Elur)) 2 Seu). 
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1 
Setting y = zE we get that 


and so, 


E(ur) < PY Elp) rv for every r € (p, 1/2]. 


Step 2: The Energy Controls the Deviation We set 
e(r)=Etu,) and f(r) = Dur). 
By (ii), we get that 


C2 e(r) ð (2) e(r) = a (2 


r) < = = 
rity fs rY or rity ~ or \ rv 


rY 


which implies that for every p < rı < r2 < 1/2, we have the estimate 


r2 f(r) elr2) e(r) 
C dr < 2 +4%e(1/2)(rJ -ry 
2 iy r< 77 z e(1/2)(r} — ri ) 
e(r2) 
<= + el)r <24 el)r}. 
2; 


Step 3: The Deviation Controls the Oscillation of the Blow-up Sequence u, 


Let x € ð Bı be fixed. Then, we have 


x-Vu(rx) E u(rx) 1l 


or r r r 


Integrating in r, we get that, for every 0 < ri < r < 1, 


Owes i 


ri 


Integrating in x € ð Bı, and taking p < rı < r2 < 1/2, we obtain 


2 m1 ` 
/ Jun — un | dH?! < f (/ Z |x- Vu, —u,| ar) dui! 
OB, OB, rn f 


r2 1 
=|x - Vu, (x)— u, (x)| dr. 
7 


(12.28) 


) +y elar”, 


Liro = = (>) PEES a OF z6 -Vur (x) — ur(x)). 


r2 r2 
< / (J ryo! ar) (f rI |x- Vu, — u|? ar) dH”! 
OB, ri ri 
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1 


= — (ry -77) (f rir foar) 
Y fi 


fy i 8 e(1/2) 
z7 gar edn se e (12.29) 


IA 


Step 4: The Blow-up Sequence Remains Close to b 
Taking r2 € (1/4, 1/2) and rı =r € (p,r2) in (12.29), we get 


8 e(1/2) 
yC 


lur — bizzy) < llur — un llz20g8) + lr — bll2@B8) < + llun — bllz2(aB,)- 


Now, since 


1/2 
f u-b?ax= f / ju — b|? dH”! at 
Bip\Biyg 1⁄4 JaB 


1/2 /2 
-J ry — bagay dt =? f hu — bi 


1/4 


1 


0B) 4 


we can choose r2 E (1/4, 1/2) such that 
d+1 2 2 
gat i lu — bl? dx > llur — Bil 298,) 
Bip\Biy4 


On the other hand, taking rı = r € (¢,72/2), we obtain 
2 i 2 44yd-1 j d+1 2 
lur — b| a=) f lur — b| aHar= f i lurt — b|| dt 
Jaa r 1 JaB, " 1 j E*(B1) 
d+1 . 2 
= er i lure ~ Dllr2(aB,) dt 


2 
m 8 e(1/2) 
d+2 
<2 ( 1 + llur — thom) 


2 


8 e(1/2) 
2nd dalj 
<2 ( S +2 llu = bll By 
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This implies that if u = u; is such that 


8 e(1/2) 
9d+2 (2 21tl ju — DIEB p\Byp | < 4> 


then o = 0, that is, the epiperimetric inequality (12.26) can be applied to every 
r e (0, 1]. 


Step 5: Conclusion As a consequence of the previous step, the decay esti- 
mate (12.29) holds on the whole interval (0, 1]: 


Sell) , 
ur, — Uy, lx2(aB,) < C r3 for every 0 <riı <r < !/⁄2. (12.30) 


Thus, there is uo € L? (Bı), which is the strong L? (ə Bı)-limit of the blow-up 
sequence u, 


lim u, = ug. 
r>0 


Finally, taking r2 = r e (0, 1) and passing to the limit as rı — 0 in (12.30), we 
obtain (12.27). This concludes the proof. 


oO 


In order to prove Proposition 12.13 under the Condition 12.12 we will need the 
following lemma. 


Lemma 12.18 For every £ > 0 there is ô > 0 such that the following holds. 
Ifu : By — R is a (non-negative) minimizer of F, in By satisfying 


lu — Ayllz2(B\B,) < È for some v € 0B, 


where h, is the half-plane solution h(x) = (x - v)4, 
then u is £-flat in the direction v in the ball B4, that is, 


(x-v—eé)4 < u(x) < (xv +e)+ for every x Ee By. (12.31) 
Proof We will first prove that there is € > 0 such that u is £-flat on 3 Bs, that is, 
(x-v— eE) < u(x) < (xv +e)+ for every x € ð Bsp. (12.32) 
From this, we will deduce that u is £-flat in By. 


In order to prove (12.32), we start by noticing that that, since u minimizes F; 
in B2, it is L-Lipschitz continuous in B74, for some L > 1 depending only on the 
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dimension (see Theorem 3.1). Then, also the function 
Up — hy : Bia > R 


is (2L)-Lipschitz continuous. Thus, there is a dimensional constant Cg such that 


2 


d 2 
luo — Ay |lL-°(By4\ B54) < Cal T llup — hv ll EEA Bsa) < Ca ôT. 
We now choose ô > 0 such that 
Cy 87 < efa. (12.33) 
Thus, 
lup — hyllt Bo) < 6/2. (12.34) 


Now, using (12.34), we obtain the estimate from below 
(x-v—e€)+ <u(x) forevery x € Br \ Bs, 
while from above we only have 
u(x) < (x-v+e)4 forevery x € {x-v > —£/2} N (Bija \ Bs). 
Indeed, if x -v > —é/2, then 


(x-v+e), if x-v>0, 
U(x) < €/2+hy(x) = /2+(x-v)4 < 
e2<(x-vt+e)y if O>x-v>—-8£/2. 
Thus, in order to prove that (12.32) it is sufficient to show that 
u=0 on the set {x -v < —£/2} N OB3p. (12.35) 


On the other hand, u is also non-degenerate in the annulus A := B74 \ Bsys, that is, 
there is a dimensional constant 0 < x < 1 such that (see Proposition 4.1) 


x €ANQ > llull LB, (x) Z KY forevery r < 1/4. 
Suppose by absurd that there is a point 


x9 € Qu N {x -v < —£/2} N ð Bap. 
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Then, taking r = ¢/2, we get that there is 
yo € B, (x0) C {x -v < O} N Bry \ Bsa 
such that 
1 
|u(yo) — hy(xo)| = u(yo) = ake 
If we choose 6 such that 


Chee ee (12.36) 


NI = 


then we reach a contradiction. Notice that, since «x < 1, (12.36) implies (12.33). 
This concludes the proof of (12.32). The conclusion now follows by Proposi- 
tion 12.19. O 


12.6 Comparison with Half-Plane Solutions 


In this subsection, we prove the following result, which we use in the proof of 
Lemma 12.18; but is also of general interest. 


Proposition 12.19 Let D C R? be a bounded open set and letu : D > R be a 
non-negative continuous function and a minimizer of the functional F, in D. Let 
c € R be a constant, v € R¢ be a unit vector and 


A(x) = VA (x-v +c), 


be a half-plane solution. Then, the following claims do hold. 


(i) Ifu < h on ðD, thenu < h in D. 
(ii) Ifu > h on ðD, thenu > h in D. 


Remark 12.20 Up to replacing u and h by A~'?u and AT'?h (which are minimiz- 
ers of Fı in D), we may assume that A = 1. 


We will give two different proofs to Proposition 12.19. The first one is more natural, 
but is based on the notion of viscosity solution and so it requires the results from 
Sect. 7.1. The second proof is direct and is based on a purely variational argument 
in the spirit of Lemma 2.13. 
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Proof I of Proposition 12.19 By Proposition 7.1, u is a viscosity solution (see 
Definition 7.6) of 


Au=0 in QAD,  |Vul=1 on QUN D. 


The conclusion now follows by Lemma 12.21 bellow. Oo 
Proof I of Proposition 12.19 We only prove the first claim, the proof of the second 
one being analogous. For every t > 0, consider the half-plane solution 

h(x) = (x-v+cH hy. 
Then, for every x € ODM Qu, we have that h(x) > u(x) > 0 and so, 


u(x) < h(x) < hix) - t. 


Thus, we can apply Lemma 12.22 to u and h;, obtaining that u < h; in D. Since t 
is arbitrary, we obtain claim (i). o 


Lemma 12.21 (Comparison of a Viscosity and a Half-Plane Solution) Let D be 
a bounded open set in R? and letu : D —> R be a non-negative continuous function 
and a viscosity solution (see Definition 7.6) to 


Au=0 in QN D, |Vuļ=1 on ðQ, ND. 
Let c € R be a constant, v € RI be a unit vector and h(x) = (x -v+ c), be a 


half-plane solution. Then, the following claims do hold. 


(i) Ifu > h on ðD, thenu > h in D. 
(ii) Ifu < h on ðD, thenu < h in D. 


Proof We first prove (i). Let M = ||h|| (py. 


For any t > 0, we define the real function f; : R —> R as 
fils) = (1 + t) max{s, 0} + t (max{s,0})°, 
for every s € R. Then, it is immediate to check that the function 
v(x) = fi(x -v+c—M(M + 1)ż) 


satisfies the following conditions: 
(1) Av, > 0 in the set {v; > O}; 


(2) |Vv| > 1 on {v > O}; 
(3) v(x) < h(x) < u(x) for every x € OD. 
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Indeed, the first two conditions are immediate, since h is the positive part of an 
affine function. In order to prove (3), we notice that the inequality is trivial whenever 
x-v+c—M(M + 1)t < 0. The case x-v+c— M(M + 1)t > 0is a consequence 
of the following estimate, which holds for any S := x -v +c > M(M + 1)t. 
fi(S — M(M + Dt) = (14+.)(S — M(M + It) + t(S — M(M + Dt)? 
< (1+1)(S — M(M + It) + Mt(S — MM + Dt) 


= S+0(— M(M +1) +S M(M + 1)t + MS- MM +12) 
<S+t(—-M(M+1)+S(M+1))<S. 


We next claim that v; < u on D. Indeed, suppose that this is not the case and let 


T > 0 be the smallest real number such that (v; — T)+ < u on D. Then, there is 
xo € Qu such that v; (xo) — T = u(xo) and (v: (x) — T) < u(x), for every other 
x € D, that is, the test function (v; — T)+ touches from below u at xo. Since u is a 
viscosity solution (see Definition 7.6 and Proposition 7.1) of 


Au =0 in Q,ND, [VulJ=1 on d2,9D, 
we have that x9 ¢ 02, Bsy and xq Qu. Then, the only possibility is that 
xo € OD, but this is also impossible since (v; — T)+ < v; < u on ðD. This proves 
that v; < u on D. Now, letting t > 0, we get that 
u(x) >h(x) in D, 
which concludes the proof of (1). 


The proof of claim (ii) is analogous. We give the proof for the sake of 
completeness. For any t > 0, we define the real function 


gr(s) = (1 — et) max{s, 0} — et (max{s, 0}? for every s ER, 
where £ > 0 will be chosen below. We set 
M, = diam (D) + |c|+ lulz) and Mn = [hl zc). 
The test function 
w(x) = gi (x . v+c+t) 


satisfies the following conditions: 


. wt > 0 for every 0 < t < Mu and every s < Mhn; 

. Aw; < 0 in the open set {w; > 0}; 

. |Vwr| < 1 on the closed set {w; > 0}; 

. wt (x) > h(x) > u(x) for every x € ðD and every t < Mu. 


BRWN re 
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We start with (1w). We notice that 
gr(s) = (1 — et) max{s,0} — et (max{s,0}) >1- e(M, Mn + MuM;.). 
Thus, in order to have (1w), we choose 
1 


€ < (MuMn + M,MẸY . 


Again (2,,) and (3w) are trivial, while for (4w) we will need the following estimate, 
which holds for every S > 0 andt > 0. 


gSA = (1—et)(S+t) —et(S +1)” 
> (1 —et)(S +t) — etS(S +1) 


=S+ (1 ES — et — es? est) 

> S+1(1-e(S+1+5?+57)). (12.37) 
In order to have (4w), we choose 

e < (Mn + Mu + M? + Mn Muy". (12.38) 
We next complete the proof of (4w). First, notice that the second inequality is always 
true by hypothesis. Since w; > 0, the first inequality is trivial whenever x-v-++c < 0. 
Thus, we only need to prove that w;(x) > h(x), whenever x -v+c > 0. This 
follows by (12.37) and the second bound on ¢ (12.38). This concludes the proof of 
(lw) — (4w). 


We now consider the set 
I= [re (0, M,] : w >u on D}. 
We notice that I; is non-empty since M, € I. Let 
T =inf/. 
If T > 0, then there is a point xo € Q, such that wr touches u from above in Xo. 
But this contradicts (2,,) — (4w). Indeed, (2w) implies that x9 € Qu N D, (3w) gives 


that xo ¢ Qu N D and (4w) gives that x9 ¢ 0D. Thus, T = 0, which concludes the 
proof. o 
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Lemma 12.22 (Comparison of Minimizers) Let D be a bounded open set in R? 
and u,v : D — R be continuous non-negative functions and minimizers of Fa in 
D. Suppose that: 


(a) u < v on ðD; 


(b) the above inequality is strict on the set Qu N3D, that is, _min (v—u)=m > 0. 
Tuna D 


Then, u < v in D. 


Proof Let Q := {x € D : u(x) > v(x)}. We will prove that Q = Ø. We first claim 
that Q is strictly contained in D, that is 


QNID = Õ. 


Suppose that this is not the case. Then, there is a sequence xn € Q converging to 
some xo € ðD. Since u and v are continuous, we get that 


v(xo) — u (xo) = 0. 
On the other hand, for every n € N, we have 
U(Xn) > V(Xn) Z 0, 
which gives that x, € Qu. Then, x, € Qu and thus, x9 € 0Q,. This is a 
contradiction with the assumption (b). 
We will next prove that 
Qu N dfu > v} = QyNd{u > v} = Ø. 
We consider the competitors 
u V v = max{u, v} and u ^v = min{u, v}. 
Since 
uvv=v on OD and uAv=u_ on 9D, 
the minimality of u and v implies that 
Fa (v, D) < Fa (u V v, D) and Fa (u, D) < Fa (u ^ v, D). (12.39) 
On the other hand, we have 


Falu V v, D) + Falu ^v, D) = Falu, D) + Faw, D). 


12.6 Comparison with Half-Plane Solutions 221 


Thus, both inequalities in (12.39) are in fact equalities and so u A v is a minimizer 
of Fa in D. Suppose that 


x9 € Qu NI. 


Then, u(xo) = v(xo) > 0 and by the continuity of u and v, there is a ball B, (xo) 
such that 


B, (x9) C Qu and B, (x0) C Qy. 


Thus, both the functions u and u A v are positive and harmonic in B, (xo). Thus, the 
strong maximum principle implies that u = u A v in B, (xo). This is contradiction 
with the assumption that x9 € d{u > v}. 

We are now in position to prove that Q = Ø. Indeed, suppose that this is not the 
case. Then, for every x9 € 0Q,, we have that u(xo) = 0. Thus, we consider the 
function 


u(x) if x E€D\Q, 
0 if xeQ. 


u(x) = 


Then, X = u on 3D and X € H!(D) (this follows, from instance from the facts that 
u is Lipschitz continuous on the compact subsets of D and that Q C D). Thus, Ñ is 
an admissible competitor for u and we have 


0> Fa(u, D) — Fa, D) = f |Vuļ? dx + A|QN Ql. 
Q 


In particular, 
[Q| = |{u > v}] = {u > v} A {u > OF] = [2N 2,,| = 0, 


and so, Q = Ø, which concludes the proof. oO 
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Appendix A 
The Epiperimetric Inequality 
in Dimension Two 


In this section we prove the general epiperimetric inequality, which was stated in 
Theorem 12.3. We show that both the flatness condition from Theorem 12.1 and the 
non-degeneracy assumption from [49] are unnecessary. We also give an estimate 
on the H! norm of the competitor h, which is useful when one deals with almost- 
minimizers of the one-phase problem (see for instance [50)]). 


Theorem A.1 (Epiperimetric Inequality) There is a constant € > 0 such that: if 
c € H'(8B) is a non-negative function on the boundary of the disk Bı C R? then, 
there exists a (non-negative) function h € H! (By) such that h = c on 8B, and 


W(h) — x < (1—e€)(W(z) — 2), (A.1) 


Ze H'(B) being the one-homogeneous extension of c in By, that is, z(x) = 
|x|c (*/|x|). Moreover, we can choose the competitor h such that 


2 
ETELE 


where C is a universal numerical constant. 


In order to prove Theorem 12.3, we will still use Lemma 12.6, Lemma 12.7 and 
the results from Sect. 12.1. Moreover, we will need the following results: 


Lemma A.2 (Epiperimetric Inequality for Principal Modes: Large Intervals) 
Let By be the unit ball in R2. There is a constant € > 0 such that: ifc: 0B, > R, 
c € H'(B}), is a multiple of the first eigenfunction on {c > 0} C 8B, and 


x <H'({c > O}N 3B) < 2r, 
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then, there exists a (non-negative) function h € H! (B1) such that h = c on 0B, and 
W(h) =r < (1—8)(W(z) — x), 
z € H! (B1) being the one-homogeneous extension of c in By. 


Lemma A.3 (Homogeneity Improvement of the Large Cones) Let B, be the unit 
ball in R¢, d > 2. There exist dimensional constants no > O and e€ > 0 such that: If 
c € H'(aB)) is non-negative and such that 


1 


HË! (fe > 0}N 8Bi) > 1— no, 
dad 


then we have 
w w 
wo-Fsa-9(w0o-F) 


where z is the one-homogeneous extension of c in Bı, while h is given by hy or ho, 
where 
(i) hı is the harmonic extension of c in B,; 
(ii) hz : By —> R is given by 

c(0) 

ha(r,@) = (max{0,r — p})"-~——_, 
l T 

where œ > 1 and p € (0, 1) are dimensional constants. 


In both cases, there is a dimensional constant Cg > 0 such that 


lalag < Callella aB) 


A.1 Proof of Theorem 12.3 


As in the proof of Theorem 12.1, we decompose the open set {c > 0} C 0B, asa 
countable union of disjoint arcs, that is, 


{cs 0}=| 17. 


jz1 
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Fig. A.1 The supports of the 
one homogeneous extension z 
(in red) and the competitor h 
(in blue) in Case 3; the length 
of the arc Z4 is bigger than 

m + ôo 


We recall that |Z; | denotes the length of the arc Z;. Let ôo > 0 be a (small) constant 
that will be chosen later. We consider four cases: 
Case 1. There is one arc, say Z4, which is big, that is, 
x — ôo < |Z| < x + ôo 
while all the other arcs are small: 


|Z| <x — ôo forall j>2. 


This is precisely Case 1 from the proof of Theorem 12.1 (Sect. 12.4, Fig. 12.2). 
Case 2. All the arcs are small, that is, 


|Z| <x— ô forall j>l. 
This is Case 2 from the proof of Theorem 12.1 (Sect. 12.4, Fig. 12.3). 
Case 3 (Fig. A.1). The arc Z| is very big, that is, 

m + ôo < |Zi| < 2x — ôo. 

As a consequence, the other arcs are small: 

|Z;|<x— ôo forall j>2. 
Case 4. The support of c is very big, that is, 

Qn — 28o < H'({c > 0} < 2x7. 


In this case the competitor is given precisely by Lemma A.3. 


Thus, it is sufficient to consider Case 3. We argue precisely as in the proof of 
Case 1. Let {;}j>1 be a complete orthonormal system of eigenfunctions on Z4, and 
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let c; be the Fourier coefficient 
Cj =} c(8)o; (0) dé for every j > 2. 
OB, 


We decompose the trace c as 


c@) = c11 (0) + Yı (0) + ¥2), 


where 


CO 


Y0) = >> joj), 


j=2 


and wz is the restriction of c on the set U Tj. Since yf2 is supported on U T; and 
jz2 jz2 
|Z;| < x — ôo, for j > 2, we have that 


2 


T 2 
m-i m-ar a ws dé. 


f WovnP ae = E y 


For what concerns y1, since its Fourier expansion contains only higher modes on 
TZ, and since |Z;| < 27 — ô, we obtain 


J, onPao = 5 = f vee 


Thus, there is «x depending only on do such that 
1 Vow? de = +e) f yid0@ fo i=1,2. 
S! S! 


Let p > 0 and ey > 0 be the constants from Lemma 12.6 corresponding to the 
constant « from (12.19); let hy, and hy, be the competitors from Lemma 12.6 
associated to the traces yı and wy, respectively. Thus, setting zy; (r,0) := zwi(@), 
we have 


Wolhy,) < (1 — €y)Wolzw,) and Why) < (1 — &y)W (zyn).  (A.2) 


Let h be the competitor from Lemma A.3 with trace cıġı and let Z(r,0) := 
rcıhı(0). We set 


z(r,0©) if re[p,1], 


hor, = 3 
ph("/o,0) if re [0, p]. 
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Thus, Lemma 12.7 and Lemma 2.3 imply that 
Whp) — a < (1— p*2)(W() — x), (A.3) 


€ being the constant from Lemma A.3. Finally, we define the competitor h : Bı > 
R as: 


e h=zif W(z) < x, where z = Z + Zy, + Zy is the 1-homogeneous extension 
of c; 

© h=Z+hy, +hy if W(z) > x, but W(Z) <7; 

e h=ħ+ hy, + hy, if W(z) > x and W(Z) > x. 


Notice that the only non-trivial case is the third one: W (z) > x and W (Z) > x. By 
the decomposition lemma (Lemma 12.9), we have 


W (2) = W (Z) + Wol(zy,) + W (zy), 
and 
W (h) = W (hp) + Wol(hy,) + Why). 
Setting 
e = min{p4Z, ey}, 


we obtain the epiperimetric inequality (A.1) as a consequence of (A.2) and (A.3). 
This concludes the proof in Case 3. o 


A.2 Proof of Lemma A.2 


We will use the notations from Sect. 12.3 In this case, we have that 6 € (0, 7). The 
infinitesimal argument used in the proof of Lemma 12.7 cannot be applied here. 
Thus, we directly compute F (ô) (defined in (12.15)) by using the identity from 
Sect. 12.3.3. 


_ ff Cy” (8/x)* 
ra= | (oo rdr 


_ f+ Ot)? = @+1O)A = 9) 
=h x3 (F O/a) (1 + 9x) ai 


82 1 
< = | G + ô) 0/8)? — (m +tr) (1 — e)) rdr. 
m? 0 
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Now, since t(r)/s = 1 — 3(1 — r)e, we get that 


(x + 8) (t)/s)* — a +t — £) 


= (x +8)(1 -30 re) (x +5 — 3(1 —r)e5)(1 — £) 
= —e(n + 8)(5 — 6r) + 9e* (a + 6)(1 —r)? + 3(1 — r)ed(1 — e) 


< —e(m + 6)(5 — 6r) + 1877 + 3(1 —r)eô. 


Thus, multiplying by r and integrating over [0, 1], we get 


rey < 2. larisi Bes) = es” (1 — 182) 
ee ee 2° | ~~ OR? ar 


Thus, using (12.14), we get 


(Wits) z =) - (1—8) (Wes) = =) < = (1 — 18e — 2n*Ce) 


Choosing € > 0 small enough, we get (12.13). This concludes the proof of 
Lemma A.2. o 


A.3 Epiperimetric Inequality for Large Cones: 
Proof of Lemma A.3 


We write the trace c in Fourier series on the sphere 0 By as 


c(0) = copo + e161 (6) + X` cj), 


j=2 
where: 


e œo is the constant (dag) ">; 
e ¢; : 0B, — R is an eigenfunction of the Laplacian on the sphere, the respective 
eigenvalue being (d — 1) and f p dé = l; 
1 
e œj, for j > 2 are eigenfunctions orthonormal in L? (ə Bı) with eigenvalues A; > 


2d on the sphere 0 By. 


We now set 


WO) := D> cjo; 0). 


j=2 
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Since the Fourier expansion of w contains only eigenfunctions associated to 
eigenvalues > 2d, we get that 


/ |Voy|? do > 2a | y?’ do. 
s4-! gd-1 


Let «x = d + 1 and px, €x and a, be the constants from Lemma 12.6; let zx (7,0) = 
rw(@) and hę be the competitor from Lemma 12.6. We choose 


P = Pk and A = Qk. 
We consider the functions 


z(r,0) = coro + ciri (0) + ze(r, 0) 


ħi (r, 0) = copo + rcii (0) + hx (r, 0). 


_ r-o} (r — pÑ 
h2(r,0) = dope copo + dope cih) + he (r, 8). 


Step 1. We first calculate the terms 


Wo($0), Wo(rdo), Wo(rd1()), Wo((r — p)40) and Wo((r — p)%¢1(0)). 
Since ¢p is a constant, we have that 
Wo(do) = =f 62d0 =—1. 
Since rı (0) is one homogeneous, we get 
d-1 


1 d-1 j 
Wo(roo) = g7% = -=f p d0 = =- r 
1 


Analogously, we obtain 


1 1 
Wolrdi) = 5Fo(br) = 5 (J, |Vogi|? do — (d — Df gao) =0, 
1 1 
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since ġı is a (d — 1)-eigenfunction on the sphere. For the last two terms, we use the 


formula 
i d-1 2 2—2,2 , =P) 2 
Wo((r — p)$ 4i (0)) =f r arf (« (r — py" “oF + ge | ) 
p aBy 


-a-o f $; do 
OB, 


1 2 2 2 
raS + Voġil d8 | — (A — p). 
TG Ja ogil ) ( p) 


Since 1 <a < 2, f [Voo]? dd = 0 and f |Voġı|? do = d — 1, we get 
OB OB, 


Wo((r—p)+65) <1-G-p)* and —— Wo((r — 9) ¥41(6)) < 2-1)”. 
Step 2. Consider the competitor hı. We set 


ee = ee 
n := ——H* ({e = 0}N 3 B1), 
dad 


and we calculate 
1 > 
W(hi)— W(z) < Wo(hi) — Wo(z) + ri < Wo(h1) — Wo(z) + wan 


(c3 Wo(do) + c? Wo(rg1@)) + Wothx)) 
(cWo(rdo) + cf Wo(rd1) + Wolce)) + ean 


= c5( Wolo) — Wo(rdo)) + (Woh) — Woo) ) 


2 
_% 
— Ex Wo(Ze) + wan. 


Step 3. For the competitor h2 we calculate 
W(h2) — W (2) = Wo(h2) — Wolz) + I{h2 > 0} N Bil — l{z > 0} N Bil 


1 
alo E Wole- 14.40) ~ Woro) 


+e (——__wo((r - p)%41) — Worp) 
17 oa Wo P)+P1 oroi 
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+ (Wo he) = Wo(zx)) — |{z > 0} Bpl 
2 
= dope + cf) — & Wo le) — wap? (1 — n). 


Now, since 


lal] = f. c(0)ġı d0| < lilion f, c(0)d0 < ||b1 \|L~(aB,)d@aco, 
1 1 


there is a dimensional constant Cg > 0 such that 
+ 2 d 
Why) — W(z) < Ca co — €xWolZe) — wap” (1-7). 


Step 4. Conclusion of the proof. We calculate the energy 


Wd 2 2 Wd 
WG) — > = coWolr oo) + ci Wo or) + Wole) + -> — wan 


ch + Wolze) + oa (1/2 — 1). 


Since Wo(z,) > 0, for every £ € (0, €x), we have that the inequality 


G d-1 2 
=g eal sef geo ear Se) ), (A.4) 


implies that 
W(hi) — wo <- (w0 -2). 


Analogously, 


Cac — wap? (1 — n) < € ( c$ — oa (1/2 — ») ; (A.5) 


implies that 


W (ho) — W(z) < —e (wo = 24) , 


Now, (A.4) is implied by 


dwaln + £) < cå. (A.6) 
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while if we assume that no < !/4, we get that (A.5) is implied by 
Cacia < Lot - 8). 
Now, if both (A.6) and (A.7) were false, then we would have 
25 2d, d 
dwa(n + £)Ca = Cac = zI —€), 
and finally 


n= c — e(1 +2dCa)) 
~ 2dC4 , 


Finally, we notice that the choice 


d d 

p 
€ = —— and no ==> 
4dCqg +2 2dCq 


makes (A.8) impossible and concludes the proof of Lemma A.3. 


(A.7) 


(A.8) 


Appendix B 
Notations and Definitions 


Euclidean Space, Topology and Distance 


dist(x, K) | distu(Kı, K2) | diamK | B,(x) 


e d is the dimension of the space. 
e C4 denotes a positive constant that depends only on the dimension; 
Cq may change from line to line and even within the same line. 


e x = (x1,...,Xq) denotes a generic point in Rf; we will also write 
x = (x',xg), where x’ = (x1,...,Xq_1) is a point in R¢~!. 
e We denote by x-y := ye, x;y; the scalar product of two vectors x = 


(x1,...,%q) and y = (y1,..., yg) in Rf; |x| = „x -x is the euclidean norm 
of x in R¢. 
° The standard orthonormal basis of R? will be denoted by {e1,..., ed}; 
eq is the unit vector with coordinates (0,...,0, 1). 
e By dist(x, K) we denote the euclidean distance from a point x € R? to a set 
K cR? 


dist(x, K) = min |x — y|. 
yeK 


* Given two sets Kı and K2 in Rf, we denote by distu (K1, K2) the Hausdorff 
distance between Kı and K3, that is, 


distu (K1, K2) := max į max dist(x, K2), max dist(y, Ky}. 
xeK, yEK2 


© The Author(s) 2023 233 
B. Velichkov, Regularity of the One-phase Free Boundaries, 

Lecture Notes of the Unione Matematica Italiana 28, 

https://doi.org/10.1007/978-3-031-13238-4 


234 B Notations and Definitions 


e diam K stands for the diameter of a set K c R? 
diam K := sup {|x — y|: xye K}. 


e B,(x)is the ball of radius r and center x; B, is the ball of radius r and center 0. 
* For any set 2 C R, we denote by Q its closure and by 3X its boundary; 


Measure and Integration 


© |Q| is the Lebesgue measure of a (Lebesgue measurable) set Q C R¢. 

* By wq we denote the Lebesgue measure of the unit ball in R°. 

e For any Q C R? anda € [0,1], we define the set 2 as the set of points at 
which Q2 has Lebesgue density equal to a, that is, 


QB 
Q@ = [xo eR? : lim EB r (xo)| = a} 
r>0 |B,| 


We recall that 
I2\ QAP), =|QYP\Q)=0 an IQNL®|=0 
e For every s > 0,5 € (0, +00] and every set E C Rf, we define 


Ws 


[0,0] 
H5 (E) := F inf S (diam Uj) : for every family of sets {US 
j=l 


such that E C U Uj and diam U; < 8}, 
j=l 


where, if s € N, then w, is the measure of the unit ball in R°, and we recall that 
@s can be defined for any s € (0, +00) as 

r’ 
r(s/2+ 1) 


Ws := 


+00 
where T(s) =f xo le* dx. 
0 


e For any s > 0, H*(E£) denotes the s-dimensional Hausdorff measure of a set 
ECR? 


H(E) = lim H3(E) = sup H3(£). 
604 ô>0 
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For instance, we have 

Hİ (B) = |B, = œar? and ——sH12-! (9 B,) = dagr47!. 
e The Hausdorff dimension of a set E C R¢ is defined as 
dimy E = inf fs >0 : HH (E) = o}. 

e By JA ġ du we will indicate the mean value of the function ¢ on the set Q with 

respect to the measure u, that is, f ddp:= te / dd. 

Q UQ) Ja 

Perimeter and Reduced Boundary 


a*Q | Per(Q) | Per(Q;D) 


e Let Q C R? be a Lebesgue measurable set in Rf. We say that Q is a set of finite 
perimeter (in the sense of De Giorgi) if 


Per(Q) := spf f div dx : £ € C1(R4;R), [Ella < i} < +00. 
Q 
Analogously, we define the relative perimeter of Q in the open set D C R? as 
Per(Q;D) := spf f divg dx : £ €C1(D:R%), |lEllL~~) < 1}. 
2 


e Equivalently, 2 c Rf is a set of finite perimeter if there is an R¢-valued Radon 
measure ugo such that 


f vswa= f duo  forevery œ € CÌ(RÎ). 
Q R4 
With this notations, we have 

Per(Q) = |ual(R4) and Per(Q; D) = |ugQ|(D), 


where by |u| we denote the total variation of a measure u. 


¢ The reduced boundary 0*Q is defined as 


B 
IQ = {x SRA helimiivea a im A isad e= 1: 
r>0 |ug|(B;(x)) 
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Vg is called a measure theoretic outer normal at x. The following are well-known 
facts about the reduced boundary of a set of finite perimeter (we refer to the 
recent book [43], which is an excellent introduction to this topic): 


1. uo = vg H?||a*Q; 
2. PoC oO: 
3. setting 


1 y-x 
Oo —(Q— x) = {>= ye ol, 
r r 


we have that the characteristic functions 1g,, converge (as r — 0) in 
LL A(R?) to the characteristic function of the half-space { ye I? : y. 
Ve(x) < o}; 

(4) Ha-1( Rd \ (29 Ua u a*o)) =0. 


Unit Sphere and Polar Coordinates 


st! | 6 | V | As | d8 


e S| is the unit (d — 1)-dimensional sphere; we will indicate by 6 the points on 
S¢—! and we will often identify S¢—! with 0B), where By is the unit ball in R4; 
we will sometimes use d0 to indicate the surface measure on the sphere, thus 


Í (0) dé, f (0)d0 and ¢dHi-! 
s4-! OB, 


OB, 


all denote the integral of the function @ : Bı — R on the unit sphere ð Bı in 
R. 
¢ Fora function ¢ : 0B, — R, we denote by Vọ¢ its gradient on the sphere ð B1. 
e We denote by H l (0 Bı) the Sobolev space of functions (on the sphere) which are 
square integrable and have a square integrable gradient. Precisely, H! (3 B1) is 
the closure of C (3 B1) with respect to the norm 


1/2 
llla aB) := (lolnos F Venn) . 


e By As@ we denote the (distributional) spherical Laplacian of a Sobolev function 
$ € H! (Bı); we have the following integration by parts formula 


f YAso do = -f Vow - Vopd0 forevery we H!(ðBı). 
ə Bı OB, 
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e Ifu: Br — R is a function expressed in polar coordinates as u = u(r,@), then 
|Vul? = (3u)? +r 7|Voul?, 


and 


d—-1 


1 
Au = r1~49, (r¢~!d,u) + r Asu = 0-pu + ðu + -= Asu. 
r 


Moreover, we recall that 


R 
[vaca f u(r,0) do r”! dr. 
Br 0 Sd-1 


Functions and Sets 


e Given two real-valued functions u and v defined on the same domain, we denote 
by u A v and u V v the functions 


(u A v)(x) = min{u(x), v(x)} and (u v v)(x) = max{u(x), v(x)}. 
e u} =uvVOandu_ = (—u) V0. Thus, we have u = u+ —u_ and |u| = u+ +u—. 
We do not distinguish between us and ut, nor between u— and u`. 


e By {u > 0} we mean the set {x € Re : u(x) > O}; the sets {u = 0}, {u 4 0} 
and {u < 0} are defined analogously. For any u, we set 


Qu = {u Æ 0}, Qt = {u > 0} and Q, = {u < 0}. 
e By 1g we denote the characteristic functions of the set Q, that is, 


1 if xeEQ, 
lg) = 
0 if rgo 
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The One-Phase Functional and Related Quantities 


Urxg | Fau, D) | Reg(@Qy) | Singu) | Wa) | Wow) | dFatu, DLE] 


e Foranyr > 0 and xo € R4, we denote by ur xo and u, the functions 
1 1 
ur xox) = zro +rx) and ur(x) = u(r). 


e For any constant A > 0, open set D C R? and function u € H'(D), the one- 
phase functional F; (u, D) is defined as 


Fau Dd) = f |Vul? dx + Al{u > 0}N DI. 
D 


e The so-called regular part Reg(0Q,,) of the free boundary 9 Nu (see Sect. 6.4) is 
defined as the set of points x9 € 0Q,, for which there exist: 


— an infinitesimal sequence rn — 0; 
— aunit vector v € RÍ; 


such that the blow-up sequence 
1 
un: B> R, Un(x) = —u (xo + rnx), (B.1) 
ln 


converges uniformly in Bı to a blow-up limit 
Ay: Bi >R, bma)=VAC-v)y. (B.2) 


¢ The singular part Sing(0Q,,) of the free boundary dQ, is defined simply as the 
complementary of Reg(dQ,,) 


Sing (ðu) = IQy \ Reg(8Qu). 


For some fine results on the structure of the singular set we refer to Sect. 10. 


e By Wa we denote the Weiss’ boundary adjusted energy (in the ball B1), that is, 
for every u € H! (B1), we set 


wow = f Vu? ax- f u° dH! and Wau) = Wo(u) + Al{u > O}NBiI. 
By dB, 


For the related Weiss monotonicity formula see Lemma 9.2. Only in Sect. 12 and 
in the Appendix A, we use the shorter notation W := W1. 
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e Let D be an open subset of R? and u € H!(D) be non-negative. By 
ôF (u, D)[E] we denote the first variation of the functional F; (-, D) (calculated 
at u) in the direction of the compactly supported smooth vector field € € 


C% (D; R?). Precisely, 


ð 
dF a (u, D)[E] = = 


F w-! D), 
ðt lt=0 alow, ) 


where Y, (x) = x + t(x). 
Remark An explicit formula (9.6) for the first variation is given in Lemma 9.5. 
Definition We say that u is stationary for F, in D (see Sect. 9.5) if 


ôF, (u, D[E]=0 forevery & € CO°(D; R?). 
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